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CHAPTER
ONE

AN INTRODUCTION TO MACHINE LEARNING WITH SCIKIT-LEARN

Section contents

In this section, we introduce the machine learning vocabulary that we use throughout scikit-learn and give a
simple learning example.

1.1 Machine learning: the problem setting

In general, a learning problem considers a set of n samples of data and then tries to predict properties of unknown data.
If each sample is more than a single number and, for instance, a multi-dimensional entry (aka multivariate data), is it
said to have several attributes or features.

We can separate learning problems in a few large categories:

* supervised learning, in which the data comes with additional attributes that we want to predict (Click here to go
to the scikit-learn supervised learning page).This problem can be either:

— classification: samples belong to two or more classes and we want to learn from already labeled data how
to predict the class of unlabeled data. An example of classification problem would be the handwritten digit
recognition example, in which the aim is to assign each input vector to one of a finite number of discrete
categories. Another way to think of classification is as a discrete (as opposed to continuous) form of
supervised learning where one has a limited number of categories and for each of the n samples provided,
one is to try to label them with the correct category or class.

— regression: if the desired output consists of one or more continuous variables, then the task is called
regression. An example of a regression problem would be the prediction of the length of a salmon as a
function of its age and weight.

* unsupervised learning, in which the training data consists of a set of input vectors x without any corresponding
target values. The goal in such problems may be to discover groups of similar examples within the data, where
it is called clustering, or to determine the distribution of data within the input space, known as density estima-
tion, or to project the data from a high-dimensional space down to two or three dimensions for the purpose of
visualization (Click here to go to the Scikit-Learn unsupervised learning page).

Training set and testing set

Machine learning is about learning some properties of a data set and applying them to new data. This is why a
common practice in machine learning to evaluate an algorithm is to split the data at hand into two sets, one that
we call the training set on which we learn data properties and one that we call the testing set on which we test
these properties.
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1.2 Loading an example dataset

scikit-learn comes with a few standard datasets, for instance the iris and digits datasets for classification and the boston
house prices dataset for regression.

In the following, we start a Python interpreter from our shell and then load the iris and digits datasets. Our
notational convention is that $ denotes the shell prompt while >>> denotes the Python interpreter prompt:

$ python
>>> from sklearn import datasets
>>> iris = datasets.load_iris()

>>> digits = datasets.load_digits{()

A dataset is a dictionary-like object that holds all the data and some metadata about the data. This data is stored in
the . data member, whichisan_samples, n_features array. In the case of supervised problem, one or more
response variables are stored in the .target member. More details on the different datasets can be found in the
dedicated section.

For instance, in the case of the digits dataset, digits.data gives access to the features that can be used to classify
the digits samples:

>>> print (digits.data)

(

([ O. 0. 5. ..., 0. 0. 0.1
[ 0. 0. 0. ..., 10. 0. 0.1
[ 0. 0. 0. ..., 1le6. 9. 0.1
[ 0. 1. ..., 6. 0. 0.1
[ 0. 0. R 2 0. 0.1
[ 0. 0. 10. ..., 12. 1. 0.7]

and digits.target gives the ground truth for the digit dataset, that is the number corresponding to each digit
image that we are trying to learn:

>>> digits.target
array ([0, 1, 2, ..., 8, 9, 81)

Shape of the data arrays

The data is always a 2D array, shape (n_samples, n_features), although the original data may have
had a different shape. In the case of the digits, each original sample is an image of shape (8, 8) and can be
accessed using:

>>> digits.images[0]

array([[ 0., 0., 5., 13., 9., 1., 0., 0.1,
[ 0., 0., 13., 15., 10., 15., 5., 0.1,
[ 0., 3., 15., 2., 0., 11., 8., 0.7,
[ 0., 4., 12., 0., 0., 8., 8., 0.1,
[ 0., 5., 8., 0., 0., 9., 8., 0.1,
[ 0., 4., 11., 0., 1., 12., 7., 0.7,
[ 0., 2., 1l4., 5., 10., 12., 0., 0.1,
[ O 0., 6., 13., 10., 0., 0. 0.11)

The simple example on this dataset illustrates how starting from the original problem one can shape the data for
consumption in scikit-learn.
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1.3 Learning and predicting

In the case of the digits dataset, the task is to predict, given an image, which digit it represents. We are given samples
of each of the 10 possible classes (the digits zero through nine) on which we fif an estimator to be able to predict the
classes to which unseen samples belong.

In scikit-learn, an estimator for classification is a Python object that implements the methods fit (X, y) and
predict (T).

An example of an estimator is the class sklearn.svm.SVC that implements support vector classification. The
constructor of an estimator takes as arguments the parameters of the model, but for the time being, we will consider
the estimator as a black box:

>>> from sklearn import svm
>>> clf = svm.SVC(gamma=0.001, C=100.)

Choosing the parameters of the model

In this example we set the value of gamma manually. It is possible to automatically find good values for the
parameters by using tools such as grid search and cross validation.

We call our estimator instance c1 £, as it is a classifier. It now must be fitted to the model, that is, it must learn from
the model. This is done by passing our training set to the £it method. As a training set, let us use all the images of
our dataset apart from the last one. We select this training set with the [ : —1] Python syntax, which produces a new
array that contains all but the last entry of digits.data:

>>> clf.fit(digits.data[:-1], digits.target[:-1])

SVC (C=100.0, cache_size=200, class_weight=None, coef0=0.0, degree=3,
gamma=0.001, kernel='rbf', max_iter=-1, probability=False,
random_state=None, shrinking=True, tol=0.001, verbose=False)

Now you can predict new values, in particular, we can ask to the classifier what is the digit of our last image in the
digits dataset, which we have not used to train the classifier:

>>> clf.predict (digits.data[-1])
array ([8])

~N ok W N R O
— T T T T T

012 3 456 7

The corresponding image is the following:
images are of poor resolution. Do you agree with the classifier?

As you can see, it is a challenging task: the

A complete example of this classification problem is available as an example that you can run and study: Recognizing
hand-written digits.

1.4 Model persistence

It is possible to save a model in the scikit by using Python’s built-in persistence model, namely pickle:

1.3. Learning and predicting 5
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>>> from sklearn import svm
>>> from sklearn import datasets

>>> clf = svm.SVC()
>>> 1iris = datasets.load_iris{()
>>> X, y = iris.data, iris.target

>>> clf.fit (X, vy)

SVC (C=1.0, cache_size=200, class_weight=None, coef0=0.0, degree=3, gamma=0.0,
kernel="rbf', max_iter=-1, probability=False, random_state=None,
shrinking=True, tol=0.001, verbose=False)

>>> import pickle

>>> s = pickle.dumps(clf)
>>> clf2 = pickle.loads(s)
>>> clf2.predict (X[0])
array ([0])

>>> y[0]

0

In the specific case of the scikit, it may be more interesting to use joblib’s replacement of pickle (joblib.dump &
joblib. load), which is more efficient on big data, but can only pickle to the disk and not to a string:

>>> from sklearn.externals import joblib
>>> joblib.dump (clf, 'filename.pkl')

Later you can load back the pickled model (possibly in another Python process) with:

>>> clf = joblib.load('filename.pkl")

Note: joblib.dump returns a list of filenames. Each individual numpy array contained in the c1f object is serialized
as a separate file on the filesystem. All files are required in the same folder when reloading the model with joblib.load.

Note that pickle has some security and maintainability issues. Please refer to section Model persistence for more
detailed information about model persistence with scikit-learn.
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CHAPTER
TWO

A TUTORIAL ON STATISTICAL-LEARNING FOR SCIENTIFIC DATA
PROCESSING

Statistical learning

Machine learning is a technique with a growing importance, as the size of the datasets experimental sciences
are facing is rapidly growing. Problems it tackles range from building a prediction function linking different
observations, to classifying observations, or learning the structure in an unlabeled dataset.

This tutorial will explore statistical learning, the use of machine learning techniques with the goal of statistical
inference: drawing conclusions on the data at hand.

Scikit-learn is a Python module integrating classic machine learning algorithms in the tightly-knit world of
scientific Python packages (NumPy, SciPy, matplotlib).

2.1 Statistical learning: the setting and the estimator object in scikit-
learn

2.1.1 Datasets

Scikit-learn deals with learning information from one or more datasets that are represented as 2D arrays. They can be
understood as a list of multi-dimensional observations. We say that the first axis of these arrays is the samples axis,
while the second is the features axis.

A simple example shipped with the scikit: iris dataset

>>> from sklearn import datasets

>>> iris = datasets.load_iris{()
>>> data = iris.data

>>> data.shape

(150, 4)

It is made of 150 observations of irises, each described by 4 features: their sepal and petal length and width, as
detailed in iris.DESCR.

When the data is not initially in the (n_samples, n_features) shape, it needs to be preprocessed in order to
be used by scikit-learn.
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An example of reshaping data would be the digits dataset

~N O AW N = O

0123 456 7
The digits dataset is made of 1797 8x8 images of hand-written digits

>>> digits = datasets.load_digits{()

>>> digits.images.shape

(1797, 8, 8)

>>> import pylab as pl

>>> pl.imshow(digits.images[-1], cmap=pl.cm.gray_r)
<matplotlib.image.AxesImage object at ...>

To use this dataset with the scikit, we transform each 8x8 image into a feature vector of length 64

>>> data = digits.images.reshape((digits.images.shape[0], -1))

2.1.2 Estimators objects

Fitting data: the main API implemented by scikit-learn is that of the estimator. An estimator is any object that learns
from data; it may be a classification, regression or clustering algorithm or a transformer that extracts/filters useful
features from raw data.

All estimator objects expose a £it method that takes a dataset (usually a 2-d array):

>>> estimator.fit (data)

Estimator parameters: All the parameters of an estimator can be set when it is instantiated or by modifying the
corresponding attribute:

>>> estimator = Estimator (paraml=1, param2=2)
>>> estimator.paraml
1

Estimated parameters: When data is fitted with an estimator, parameters are estimated from the data at hand. All the
estimated parameters are attributes of the estimator object ending by an underscore:

>>> estimator.estimated_param_

2.2 Supervised learning: predicting an output variable from high-
dimensional observations

8 Chapter 2. A tutorial on statistical-learning for scientific data processing
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The problem solved in supervised learning

Supervised learning consists in learning the link between two datasets: the observed data X and an external

variable y that we are trying to predict, usually called “target” or “labels”. Most often, y is a 1D array of length
n_samples.

All supervised estimators in scikit-learn implementa £it (X, vy) method to fit the model and apredict (X)
method that, given unlabeled observations X, returns the predicted labels y.

Vocabulary: classification and regression

If the prediction task is to classify the observations in a set of finite labels, in other words to “name” the objects

observed, the task is said to be a classification task. On the other hand, if the goal is to predict a continuous
target variable, it is said to be a regression task.

When doing classification in scikit-learn, y is a vector of integers or strings.

Note: See the Introduction to machine learning with scikit-learn Tutorial for a quick run-through on the basic
machine learning vocabulary used within scikit-learn.

2.2.1 Nearest neighbor and the curse of dimensionality

Classifying irises:

First three PCA directions

10302AURBID PIE

teigel'\\’ecmr . . . .
1s The iris dataset is a classification task

consisting in identifying 3 different types of irises (Setosa, Versicolour, and Virginica) from their petal and sepal
length and width:

>>> import numpy as np

>>> from sklearn import datasets
>>> iris = datasets.load_iris()
>>> iris_X = iris.data

>>> iris_y

iris.target
>>> np.unique (iris_y)
array ([0, 1, 21)
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k-Nearest neighbors classifier

The simplest possible classifier is the nearest neighbor: given a new observation X_test, find in the training set (i.e.
the data used to train the estimator) the observation with the closest feature vector. (Please see the Nearest Neighbors
section of the online Scikit-learn documentation for more information about this type of classifier.)

Training set and testing set

While experimenting with any learning algorithm, it is important not to test the prediction of an estimator on the
data used to fit the estimator as this would not be evaluating the performance of the estimator on new data. This
is why datasets are often split into train and test data.

3-Class classification (k = 15, weights = 'uniform"')
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KNN (k nearest neighbors) classification example:

>>> # Split iris data in train and test data
>>> # A random permutation, to split the data randomly
>>> np.random.seed (0)

>>> indices = np.random.permutation(len(iris_X))
>>> iris X train = iris_X[indices[:-10]]
>>> iris_y_train = iris_y[indices[:-10]]
>>> iris_X_test = iris_X[indices[-10:]1]
>>> iris_y_test = iris_ylindices[-10:]]

>>> # Create and fit a nearest-neighbor classifier

>>> from sklearn.neighbors import KNeighborsClassifier

>>> knn = KNeighborsClassifier ()

>>> knn.fit (iris_X_train, iris_y_train)

KNeighborsClassifier (algorithm="auto', leaf_size=30, metric="'minkowski',
metric_params=None, n_neighbors=5, p=2, weights='uniform')

>>> knn.predict (iris_X_test)

array([1, 2, 1, 0, 0, 0, 2, 1, 2, 01)

>>> iris_y_test

array(([(1, 1, 1, 0, 0, O, 2, 1, 2, 0])
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The curse of dimensionality

For an estimator to be effective, you need the distance between neighboring points to be less than some value d, which
depends on the problem. In one dimension, this requires on average n 1/d points. In the context of the above k-NN
example, if the data is described by just one feature with values ranging from O to 1 and with n training observations,
then new data will be no further away than 1/n. Therefore, the nearest neighbor decision rule will be efficient as soon
as 1/n is small compared to the scale of between-class feature variations.

If the number of features is p, you now require n 1/dP points. Let’s say that we require 10 points in one dimension:
now 10P points are required in p dimensions to pave the [0, 1] space. As p becomes large, the number of training points
required for a good estimator grows exponentially.

For example, if each point is just a single number (8 bytes), then an effective k£-NN estimator in a paltry p 20 di-
mensions would require more training data than the current estimated size of the entire internet (1000 Exabytes or
SO).

This is called the curse of dimensionality and is a core problem that machine learning addresses.

2.2.2 Linear model: from regression to sparsity

Diabetes dataset

The diabetes dataset consists of 10 physiological variables (age, sex, weight, blood pressure) measure on 442
patients, and an indication of disease progression after one year:

>>> diabetes = datasets.load_diabetes|()

>>> diabetes_X_train = diabetes.datal[:-20]
>>> diabetes_X_ test = diabetes.data[-20:]
>>> diabetes_y_train = diabetes.target[:-20]
>>> diabetes_y_test = diabetes.target[-20:]

The task at hand is to predict disease progression from physiological variables.

Linear regression

LinearRegression, in it’s simplest form, fits a linear model to the data set by adjusting a set
of parameters in order to make the sum of the squared residuals of the model as small as possible.

Linear models: y = X8 + ¢
e X: data
* y: target variable

¢ f3: Coefficients
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¢ ¢: Observation noise

>>> from sklearn import linear_model

>>> regr = linear_model.LinearRegression ()

>>> regr.fit (diabetes_X_train, diabetes_y_train)

LinearRegression (copy_X=True, fit_intercept=True, n_jobs=1, normalize=False)

>>> print (regr.coef_)

[ 0.30349955 -237.63931533 510.53060544 327.73698041 -814.13170937
492.81458798 102.84845219 184.60648906 743.51961675 76.09517222]

>>> # The mean square error
>>> np.mean ( (regr.predict (diabetes_X_test)-diabetes_y_test) xx2)
2004.56760268...

>>> # Explained variance score: 1 is perfect prediction
>>> # and 0 means that there is no linear relationship
>>> # between X and Y.

>>> regr.score (diabetes_X_test, diabetes_y_test)
0.5850753022690. ..

Shrinkage

If there are few data points per dimension, noise in the observations induces high
ols
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>>> X = np.c_[ .5, 1].T

>>> y = [.5, 1]

>>> test = np.c_[ 0, 2].T

>>> regr = linear_model.LinearRegression()

>>> import pylab as pl
>>> pl.figure()

>>> np.random.seed (0)
>>> for _ in range (6):
this_X = .lxnp.random.normal (size=(2, 1)) + X
regr.fit (this_X, vy)
pl.plot (test, regr.predict (test))
pl.scatter (this_X, vy, s=3)

variance:

A solution in high-dimensional statistical learning is to shrink the regression coefficients to zero: any
two randomly chosen set of observations are likely to be uncorrelated. This is called Ridge regression:
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ridge

1.0

00 02 04 X06 08 1.0

>>> regr = linear_model.Ridge (alpha=.1)
>>> pl.figure()

>>> np.random.seed (0)
>>> for _ in range(6):
this_X = .lsnp.random.normal (size=(2, 1)) + X
regr.fit (this_X, vy)
pl.plot (test, regr.predict (test))
pl.scatter (this_X, vy, s=3)

This is an example of bias/variance tradeoff: the larger the ridge alpha parameter, the higher the bias and the lower
the variance.

We can choose alpha to minimize left out error, this time using the diabetes dataset rather than our synthetic data:

>>> alphas = np.logspace(-4, -1, 6)
>>> from _ future  import print_function
>>> print ([regr.set_params (alpha=alpha
) .fit (diabetes_X_train, diabetes_y_train,
) .score (diabetes_X_test, diabetes_y_test) for alpha in alphas])

[0.5851110683883..., 0.5852073015444..., 0.5854677540698..., 0.5855512036503..., 0.5830717085554.. .,

Note: Capturing in the fitted parameters noise that prevents the model to generalize to new data is called overfitting.
The bias introduced by the ridge regression is called a regularization.

Sparsity

Fitting only features 1 and 2

X 2 -
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X 2 X 1

Note: A representation of the full diabetes dataset would involve 11 dimensions (10 feature dimensions and one of
the target variable). It is hard to develop an intuition on such representation, but it may be useful to keep in mind that

it would be a fairly empty space.

We can see that, although feature 2 has a strong coefficient on the full model, it conveys little information on y when
considered with feature 1.

To improve the conditioning of the problem (i.e. mitigating the The curse of dimensionality), it would be interesting
to select only the informative features and set non-informative ones, like feature 2 to 0. Ridge regression will decrease
their contribution, but not set them to zero. Another penalization approach, called Lasso (least absolute shrinkage and
selection operator), can set some coefficients to zero. Such methods are called sparse method and sparsity can be
seen as an application of Occam’s razor: prefer simpler models.

>>> regr = linear_model.Lasso ()
>>> scores = [regr.set_params (alpha=alpha
) .fit (diabetes_X_train, diabetes_y_train
) .score (diabetes_X_test, diabetes_y_test)
. for alpha in alphas]

>>> best_alpha = alphas[scores.index (max (scores)) ]

>>> regr.alpha = best_alpha

>>> regr.fit (diabetes_X_train, diabetes_y_train)

Lasso (alpha=0.025118864315095794, copy_X=True, fit_intercept=True,
max_1iter=1000, normalize=False, positive=False, precompute=False,
random_state=None, selection='cyclic', tol=0.0001, warm_start=False)

>>> print (regr.coef_)

[ 0. -212.43764548 517.19478111 313.77959962 -160.8303982 -0.

-187.19554705 69.38229038 508.66011217 71.84239008]

Different algorithms for the same problem

Different algorithms can be used to solve the same mathematical problem. For instance the Lasso object
in scikit-learn solves the lasso regression problem using a coordinate decent method, that is efficient on large
datasets. However, scikit-learn also provides the LassoLars object using the LARS algorthm, which is very
efficient for problems in which the weight vector estimated is very sparse (i.e. problems with very few observa-
tions).
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Classification

X For classification, as in the labeling iris task, linear regression is not

the right approach as it will give too much weight to data far from the decision frontier. A linear approach is to fit a
sigmoid function or logistic function:

1
1 +exp(—XJ + offset) te

y = sigmoid(X 3 — offset) + €

>>> logistic = linear_model.LogisticRegression (C=1eb)

>>> logistic.fit(iris_X_train, iris_y_train)

LogisticRegression (C=100000.0, class_weight=None, dual=False,
fit_intercept=True, intercept_scaling=1, max_iter=100,
multi_class='ovr', penalty='1l2"', random_state=None,
solver='liblinear', tol=0.0001, verbose=0)

Sepal width

. Sepal length
This is known as LogisticRegression. P 9

Multiclass classification

If you have several classes to predict, an option often used is to fit one-versus-all classifiers and then use a voting
heuristic for the final decision.

Shrinkage and sparsity with logistic regression

The C parameter controls the amount of regularization in the LogisticRegression object: a large value

for C results in less regularization. penalty="12" gives Shrinkage (i.e. non-sparse coefficients), while
penalty="11" gives Sparsity.
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Exercise

Try classifying the digits dataset with nearest neighbors and a linear model. Leave out the last 10% and test
prediction performance on these observations.

from sklearn import datasets, neighbors, linear_model

digits = datasets.load_digits /()
X _digits = digits.data
y_digits = digits.target

Solution: . ./../auto_examples/exercises/digits_classification_exercise.py

2.2.3 Support vector machines (SVMs)

Linear SVMs

Support Vector Machines belong to the discriminant model family: they try to find a combination of samples to build
a plane maximizing the margin between the two classes. Regularization is set by the C parameter: a small value for C
means the margin is calculated using many or all of the observations around the separating line (more regularization);
a large value for C means the margin is calculated on observations close to the separating line (less regularization).

Unregularized SVM Regularized SVM (default)

Example:

* Plot different SVM classifiers in the iris dataset

SVMs can be used in regression —SVR (Support Vector Regression)—, or in classification —SVC (Support Vector Clas-
sification).

>>> from sklearn import svm

>>> gsvc = svm.SVC (kernel="'linear")

>>> svc.fit(iris_X_train, iris_y_train)

SVC (C=1.0, cache_size=200, class_weight=None, coef0=0.0, degree=3, gamma=0.0,
kernel='linear', max_iter=-1, probability=False, random_state=None,
shrinking=True, tol=0.001, verbose=False)

Warning: Normalizing data
For many estimators, including the SVMs, having datasets with unit standard deviation for each feature is important
to get good prediction.
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Using kernels

Classes are not always linearly separable in feature space. The solution is to build a decision function that is not linear
but may be polynomial instead. This is done using the kernel trick that can be seen as creating a decision energy by
positioning kernels on observations:

Linear kernel Polynomial kernel

>>> svc = svm.SVC (kernel='linear') >>> svc = svm.SVC(kernel="poly',
C. degree=3)
>>> # degree: polynomial degree

RBF kernel (Radial Basis Function)

>>> svc = svm.SVC (kernel="'rbf'")
>>> # gamma: inverse of size of
>>> # radial kernel

Interactive example

See the SVM GUI to download svm_gui . py; add data points of both classes with right and left button, fit the
model and change parameters and data.
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First three PCA directions
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1st eigenvect®’

Exercise

Try classifying classes 1 and 2 from the iris dataset with SVMs, with the 2 first features. Leave out 10% of each
class and test prediction performance on these observations.

Warning: the classes are ordered, do not leave out the last 10%, you would be testing on only one class.

Hint: You can use the decision_function method on a grid to get intuitions.

iris = datasets.load_iris()
X = iris.data

y = iris.target

X = X[y '= 0, :2]

y = yly '= 0]

Solution: ../../auto_examples/exercises/plot_iris_exercise.py

2.3 Model selection: choosing estimators and their parameters

2.3.1 Score, and cross-validated scores

As we have seen, every estimator exposes a score method that can judge the quality of the fit (or the prediction) on
new data. Bigger is better.

>>> from sklearn import datasets, svm

>>> digits = datasets.load_digits/()

>>> X digits = digits.data

>>> y_digits = digits.target

>>> gsvc = svm.SVC(C=1, kernel='linear')

>>> svc.fit (X _digits[:-100], y_digits[:-100]) .score(X_digits[-100:], y_digits[-100:])
0.97999999999999998
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To get a better measure of prediction accuracy (which we can use as a proxy for goodness of fit of the model), we can
successively split the data in folds that we use for training and testing:

>>> import numpy as np
>>> X_folds = np.array_split (X_digits, 3)
>>> y_folds = np.array_split (y_digits, 3)
>>> gscores = list ()
>>> for k in range(3):
# We use 'list' to copy, in order to 'pop' later on
X_train = list (X_folds)
X_test = X_train.pop (k)
X_train = np.concatenate (X_train)
y_train = list(y_folds)
y_test = y_train.pop (k)
y_train = np.concatenate(y_train)
.. scores.append (svc.fit (X_train, y_train).score(X_test, y_test))
>>> print (scores)
[0.93489148580968284, 0.95659432387312182, 0.93989983305509184]

This is called a KFold cross validation

2.3.2 Cross-validation generators

The code above to split data in train and test sets is tedious to write. Scikit-learn exposes cross-validation generators
to generate list of indices for this purpose:

>>> from sklearn import cross_validation
>>> k_fold = cross_validation.KFold(n=6, n_folds=3)
>>> for train_indices, test_indices in k_fold:

.. print ('Train: | test: ' % (train_indices, test_indices))
Train: [2 3 4 5] | test: [0 1]
Train: [0 1 4 5] | test: [2 3]
Train: [0 1 2 3] | test: [4 5]

The cross-validation can then be implemented easily:

>>> kfold = cross_validation.KFold(len(X_digits), n_folds=3)

>>> [svc.fit (X _digits[train], y_digits[train]) .score(X_digits[test], y_digits[test])
.. for train, test in kfold]

[0.93489148580968284, 0.95659432387312182, 0.93989983305509184]

To compute the score method of an estimator, the sklearn exposes a helper function:

>>> cross_validation.cross_val_score(svc, X_digits, y_digits, cv=kfold, n_jobs=-1)
array ([ 0.93489149, 0.95659432, 0.93989983])

n_jobs=-1 means that the computation will be dispatched on all the CPUs of the computer.

Cross-validation generators

KFold (n, k) StratifiedKFold (y, k) LeaveOneOut| LeaveOneLabelOut
(n) (labels)
Split it K folds, train on K-1 It preserves the class ratios / label Leave one Takes a label array to
and then test on left-out distribution within each fold. observation group observations
out
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Exercise
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10 [10 10710 1010710 10710710 "10 On the digits dataset, plot the cross-validation
score of a SVC estimator with an linear kernel as a function of parameter C (use a logarithmic grid of points,
from 1 to 10).

import numpy as np
from sklearn import cross_validation, datasets, svm

digits = datasets.load_digits()
X = digits.data
y = digits.target

svc = svm.SVC (kernel="linear"')
C_s np.logspace(-10, 0, 10)

Solution: Cross-validation on Digits Dataset Exercise

2.3.3 Grid-search and cross-validated estimators
Grid-search

The sklearn provides an object that, given data, computes the score during the fit of an estimator on a parameter
grid and chooses the parameters to maximize the cross-validation score. This object takes an estimator during the
construction and exposes an estimator API:

>>> from sklearn.grid search import GridSearchCVv

>>> Cs = np.logspace(-6, -1, 10)

>>> clf = GridSearchCV (estimator=svc, param_grid=dict (C=Cs),
c. n_jobs=-1)

>>> clf.fit(X_digits[:1000], y_digits[:1000])

GridSearchCV (cv=None, ...

>>> clf.best_score_

0.925...

>>> clf.best_estimator_.C

0.0077...

>>> # Prediction performance on test set is not as good as on train set
>>> clf.score(X_digits[1000:], y_digits[1000:7])
0.943...
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By default, the GridSearchCV uses a 3-fold cross-validation. However, if it detects that a classifier is passed, rather
than a regressor, it uses a stratified 3-fold.

Nested cross-validation

>>> cross_validation.cross_val_score(clf, X _digits, y_digits)

array ([ 0.938..., 0.963..., 0.944...])

Two cross-validation loops are performed in parallel: one by the GridSearchCV estimator to set gamma and
the other one by cross_val_score to measure the prediction performance of the estimator. The resulting
scores are unbiased estimates of the prediction score on new data.

Warning: You cannot nest objects with parallel computing (n_ jobs different than 1).

Cross-validated estimators

Cross-validation to set a parameter can be done more efficiently on an algorithm-by-algorithm basis. This is why for
certain estimators the sklearn exposes Cross-validation: evaluating estimator performance estimators that set their
parameter automatically by cross-validation:

>>> from sklearn import linear_model, datasets

>>> lasso = linear_model.LassoCV ()

>>> diabetes = datasets.load_diabetes|()

>>> X_diabetes = diabetes.data

>>> y_diabetes = diabetes.target

>>> lasso.fit (X_diabetes, y_diabetes)

LassoCV (alphas=None, copy_X=True, cv=None, eps=0.001, fit_intercept=True,
max_1iter=1000, n_alphas=100, n_jobs=1, normalize=False, positive=False,
precompute='auto', random_state=None, selection='cyclic', tol=0.0001,
verbose=False)

>>> # The estimator chose automatically its lambda:

>>> lasso.alpha_

0.01229...

These estimators are called similarly to their counterparts, with ‘CV’ appended to their name.

Exercise

On the diabetes dataset, find the optimal regularization parameter alpha.
Bonus: How much can you trust the selection of alpha?

from sklearn import cross_validation, datasets, linear_model

diabetes = datasets.load_diabetes ()
X = diabetes.datal[:150]
y = diabetes.target[:150]

lasso = linear_model.Lasso ()
alphas = np.logspace (-4, -.5, 30)

Solution: Cross-validation on diabetes Dataset Exercise
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2.4 Unsupervised learning: seeking representations of the data

2.4.1 Clustering: grouping observations together

The problem solved in clustering

Given the iris dataset, if we knew that there were 3 types of iris, but did not have access to a taxonomist to label
them: we could try a clustering task: split the observations into well-separated group called clusters.

K-means clustering

Note that there exist a lot of different clustering criteria and associated algorithms. The simplest clustering algorithm

Peta]!ength

‘%dwq,
7’
is K-means. %

>>> from sklearn import cluster, datasets

>>> iris = datasets.load_iris()

>>> X_iris = iris.data

>>> y_iris = iris.target

>>> k_means = cluster.KMeans (n_clusters=3)

>>> k_means.fit (X_iris)
KMeans (copy_x=True, init='k-means++"',

>>> print (k_means.labels_[::10])
[1 1111000002222 2]
>>> print (y_iris[::10])

[0000CO01 11112222 2]

Warning: There is absolutely no guarantee of recovering a ground truth. First, choosing the right number of
clusters is hard. Second, the algorithm is sensitive to initialization, and can fall into local minima, although scikit-

learn employs several tricks to mitigate this issue.

Y R
B Wk,
\ﬁrg\r!nc]ai' "@%,-

Versicolour

Petal lengtp,

Petal lengtn
Petal length

Bad initialization 8 clusters Ground truth

Don’t over-interpret clustering results
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Application example: vector quantization

Clustering in general and KMeans, in particular, can be seen as a way of choosing a small number of exemplars
to compress the information. The problem is sometimes known as vector quantization. For instance, this can be
used to posterize an image:

>>> import scipy as sp
>>> try:
lena = sp.lena()
except AttributeError:
from scipy import misc

lena = misc.lena/()
>>> X = lena.reshape((-1, 1)) # We need an (n_sample, n_feature) array
>>> k_means = cluster.KMeans (n_clusters=5, n_init=1)

>>> k_means.fit (X)

KMeans (copy_x=True, init='k-means++"',

>>> values = k_means.cluster_centers_.squeeze ()
>>> labels = k_means.labels_

>>> lena_compressed = np.choose(labels, values)
>>> lena_compressed.shape = lena.shape

0

100
200

ul
0100 200 300 400 500

0

500
0100 200 300 400 500

Raw image K-means quantization Equal bins Image histogram

Hierarchical agglomerative clustering: Ward

A Hierarchical clustering method is a type of cluster analysis that aims to build a hierarchy of clusters. In general, the
various approaches of this technique are either:

* Agglomerative - bottom-up approaches: each observation starts in its own cluster, and clusters are iterativelly
merged in such a way to minimize a linkage criterion. This approach is particularly interesting when the clus-
ters of interest are made of only a few observations. When the number of clusters is large, it is much more
computationally efficient than k-means.

* Divisive - top-down approaches: all observations start in one cluster, which is iteratively split as one moves
down the hierarchy. For estimating large numbers of clusters, this approach is both slow (due to all observations
starting as one cluster, which it splits recursively) and statistically ill-posed.

Connectivity-constrained clustering

With agglomerative clustering, it is possible to specify which samples can be clustered together by giving a connec-
tivity graph. Graphs in the scikit are represented by their adjacency matrix. Often, a sparse matrix is used. This
can be useful, for instance, to retrieve connected regions (sometimes also referred to as connected components) when
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clustering an image:

from sklearn.feature_extraction.image import grid_to_graph
from sklearn.cluster import AgglomerativeClustering

FHAHFAAHAAAFAAHAAFHAAFFAAHFAFHAAHFAAH AR A A HA A H A FH A HF A H A AR A H A H A
# Generate data

lena = sp.misc.lena()

# Downsample the image by a factor of 4

lena = lenal[::2, ::2] + lenall::2, ::2] + lenal[::2, 1::2]1 + lena[l::2, 1::2]

X = np.reshape(lena, (-1, 1))

iz dasdsdasdidadasdadaddadaddadaddddaddaddddddddddddddldddddddddddddsddsi
# Define the structure A of the data. Pixels connected to their neighbors.
connectivity = grid_to_graph (xlena.shape)

FRARFAAAAARAAARARAHAARFAARFARHA AR AR AR A AR A AR AR H AR A AR AR AR A H A AR F A
# Compute clustering
print ("Compute structured hierarchical clustering...")
st = time.time ()
n_clusters = 15 # number of regions
ward = AgglomerativeClustering(n_clusters=n_clusters,
linkage="'ward', connectivity=connectivity) .fit (X)
label = np.reshape(ward.labels_, lena.shape)

print ("Elapsed time: ", time.time() - st)
print ("Number of pixels: ", label.size)
print ("Number of clusters: ", np.unique(label) .size)

Feature agglomeration

We have seen that sparsity could be used to mitigate the curse of dimensionality, i.e an insufficient amount of ob-
servations compared to the number of features. Another approach is to merge together similar features: feature
agglomeration. This approach can be implemented by clustering in the feature direction, in other words clustering

24 Chapter 2. A tutorial on statistical-learning for scientific data processing



scikit-learn user guide, Release 0.16.1

Original data

Ul4]£]5

Agglomerated data

the transposed data.

>>> digits = datasets.load_digits{()

>>> images = digits.images

>>> X = np.reshape (images, (len(images), -1))

>>> connectivity = grid_to_graph (ximages[0] .shape)

>>> agglo = cluster.FeatureAgglomeration (connectivity=connectivity,
C. n_clusters=32)

>>> agglo.fit (X)
FeatureAgglomeration(affinity='euclidean', compute_full_tree='auto', ...
>>> X_reduced = agglo.transform (X)

>>> X_approx = agglo.inverse_transform(X_reduced)
>>> images_approx = np.reshape (X_approx, images.shape)

transformand inverse_ transform methods

Some estimators expose a t rans form method, for instance to reduce the dimensionality of the dataset.

2.4.2 Decompositions: from a signal to components and loadings

Components and loadings

If X is our multivariate data, then the problem that we are trying to solve is to rewrite it on a different observa-
tional basis: we want to learn loadings L and a set of components C such that X = L C. Different criteria exist to
choose the components

Principal component analysis: PCA

Principal component analysis (PCA) selects the successive components that explain the maximum variance in the
signal.

2.4. Unsupervised learning: seeking representations of the data 25



scikit-learn user guide, Release 0.16.1

The point cloud spanned by the observations above is very flat in one direction: one of the three univariate features
can almost be exactly computed using the other two. PCA finds the directions in which the data is not flat

When used to transform data, PCA can reduce the dimensionality of the data by projecting on a principal subspace.

>>> # Create a signal with only 2 useful dimensions

>>> x1 = np.random.normal (size=100)
>>> x2 = np.random.normal (size=100)
>>> x3 = x1 + x2

>>> X = np.c_|[x1l, x2, x3]

>>> from sklearn import decomposition

>>> pca = decomposition.PCA()

>>> pca.fit (X)

PCA (copy=True, n_components=None, whiten=False)

>>> print (pca.explained_variance_)

[ 2.18565811e+00 1.19346747e+00 8.43026679e-32]

>>> # As we can see, only the 2 first components are useful
>>> pca.n_components = 2

>>> X_reduced = pca.fit_transform(X)

>>> X_reduced.shape

(100, 2)

Independent Component Analysis: ICA

Independent component analysis (ICA) selects components so that the distribution of their loadings carries
a maximum amount of independent information. It is able to recover mon-Gaussian independent signals:
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>>> # Generate sample data

>>> time = np.linspace (0, 10, 2000)

>>> sl = np.sin(2 * time) # Signal 1 : sinusoidal signal

>>> s2 = np.sign(np.sin(3 * time)) # Signal 2 : square signal
>>> S = np.c_[sl, s2]

>>> S += 0.2 * np.random.normal (size=S.shape) # Add noise

>>> S /= S.std(axis=0) # Standardize data

>>> # Mix data

>>> A = np.array([[1, 11, [0.5, 211) # Mixing matrix

>>> X = np.dot (S, A.T) # Generate observations

>>> # Compute ICA

>>> ica = decomposition.FastICA()

>>> S_ = ica.fit_transform(X) # Get the estimated sources
>>> A_ = ica.mixing_.T

>>> np.allclose (X, np.dot (S_, A_) + ica.mean_)

True

2.4. Unsupervised learning: seeking representations of the data
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2.5 Putting it all together

2.5.1 Pipelining

We have seen that some estimators can transform data and that some estimators can predict variables. We can also
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0 10 20 30 40 50 €0

n_components

explained_variance

create combined estimators:

from sklearn import linear_model, decomposition, datasets
from sklearn.pipeline import Pipeline
from sklearn.grid search import GridSearchCVv

logistic = linear_model.LogisticRegression ()

pca = decomposition.PCA()
pipe = Pipeline(steps=[('pca', pca), ('logistic', logistic)])

digits = datasets.load_digits{()
X _digits = digits.data
y_digits = digits.target

#HHAAFRAAFRAAFRAAFRAFFAAFFAAFFAA AR FFAA AR AR AR A RSB F RS RAA SRR SRR F A
# Plot the PCA spectrum
pca.fit (X_digits)

plt.figure(l, figsize=(4, 3))

plt.clf ()

plt.axes([.2, .2, .7, .71)

plt.plot (pca.explained_variance_, linewidth=2)
plt.axis('tight")

plt.xlabel ('n_components')

plt.ylabel ('explained_variance_"')

FHEAFFRAFFRAFFHAFFRAFFRAFFHAFFAAFHAAFHAAFRAAF A FEAAFRAFH R EAAF AR A F R H RS

# Prediction

n_components = [20, 40, 64]
Cs = np.logspace (-4, 4, 3)

#Parameters of pipelines can be set using ‘' '/ separated parameter names:

estimator = GridSearchCV (pipe,
dict (pca__n_components=n_components,
logistic__C=Cs))
estimator.fit (X_digits, y_digits)
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plt.axvline (estimator.best_estimator_.named_steps|['pca'].n_components,
linestyle="':"', label='n_components chosen')
plt.legend (prop=dict (size=12))

2.5.2 Face recognition with eigenfaces

The dataset used in this example is a preprocessed excerpt of the “Labeled Faces in the Wild”, also known as LFW:

http://vis-www.cs.umass.edu/lIfw/Ifw-funneled.tgz (233MB)

mwn

The dataset used in this example is a preprocessed excerpt of the
"Labeled Faces in the Wild", aka LFW_:

http://vis-www.cs.umass.edu/l1fw/1fw-funneled.tgz (233MB)

. _LFW: http://vis-www.cs.umass.edu/lfw/

Expected results for the top 5 most represented people in the dataset::

precision recall fl-score support

Gerhard Schroeder 0.91 0.75 0.82 28
Donald Rumsfeld 0.84 0.82 0.83 33
Tony_Blair 0.65 0.82 0.73 34

Colin Powell 0.78 0.88 0.83 58
George_W_Bush 0.93 0.86 0.90 129

avg / total 0.86 0.84 0.85 282

mwn

from _ future  import print_function

from time import time
import logging
import matplotlib.pyplot as plt

from sklearn.cross_validation import train_test_split
from sklearn.datasets import fetch_lfw_people

from sklearn.grid search import GridSearchCVv

from sklearn.metrics import classification_report
from sklearn.metrics import confusion_matrix

from sklearn.decomposition import RandomizedPCA

from sklearn.svm import SVC

print (__doc_ )

# Display progress logs on stdout

3

logging.basicConfig(level=logging.INFO, format='<% (asctime)s % (message)s')

2.5. Putting it all together
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HAHRHAAAAHAHARARAAAARARAAAAFARARAAFA R EH AR A A AFA A A AR AR RS
# Download the data, if not already on disk and load it as numpy arrays

1fw_people = fetch_lfw_people (min_faces_per_person=70, resize=0.4)

# introspect the images arrays to find the shapes (for plotting)
n_samples, h, w = 1lfw_people.images.shape

# for machine learning we use the 2 data directly (as relative pixel
# positions info is ignored by this model)

X = 1lfw_people.data

n_features = X.shape[l]

# the label to predict is the id of the person
y = 1lfw_people.target

target_names = 1lfw_people.target_names
n_classes = target_names.shape[0]

print ("Total dataset size:")

print ("n_samples: $d" % n_samples)
print ("n_features: %d" % n_features)
(

o

print ("n_classes: 5d" % n_classes)

diaadsaadasadssddssadasddaddsasdsasdsasdsatdsatdsasdaatisaddsaddadddsddadadadi

# Split into a training set and a test set using a stratified k fold

# split into a training and testing set
X_train, X_test, y_train, y_test = train_test_split(
X, y, test_size=0.25)

FHAARFAAARHAHAHARARHARAAA A AHAAA A AFAHA R A AHAEA AR AR HA R RF AR AR AR A A A
# Compute a PCA (eigenfaces) on the face dataset (treated as unlabeled

# dataset): unsupervised feature extraction / dimensionality reduction
n_components = 150

print ("Extracting the top ¢d eigenfaces from %d faces"
% (n_components, X_train.shape[0]))

t0 = time ()
pca = RandomizedPCA (n_components=n_components, whiten=True) .fit (X_train)
print ("done in $0.3fs" % (time() - t0))

eigenfaces = pca.components_.reshape ((n_components, h, w))

print ("Projecting the input data on the eigenfaces orthonormal basis")
t0 = time ()

X_train_pca = pca.transform(X_train)

X_test_pca = pca.transform(X_test)

o

print ("done in %0.3fs" % (time() - t0))

HAHAAHHAAHF AR AAAHAARA AR AAAA AR H A H AR HH AR AR A AR AR AR A AR AR H AR AR
# Train a SVM classification model

print ("Fitting the classifier to the training set")
t0 = time ()
param_grid = {'C': [le3, 5e3, 1led4, 5e4, 1leb],
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'gamma': [0.0001, 0.0005, 0.001, 0.005, 0.01, 0.1], }
clf = GridSearchCV (SVC (kernel="rbf', class_weight='auto'), param_grid)
clf = clf.fit (X _train_pca, y_train)
print ("done in $0.3fs" % (time() - t0))
print ("Best estimator found by grid search:")
print (clf.best_estimator_)

#HARHAAAAFAHARAAAAAARARARAARARAAA AR RA A AAAEA A A AHA A A AAA R AR AR R A AHAAA
# Quantitative evaluation of the model quality on the test set

print ("Predicting people's names on the test set")

t0 = time ()
y_pred = clf.predict (X_test_pca)
print ("done in %0.3fs" % (time() - t0))

print (classification_report (y_test, y_pred, target_names=target_names))
print (confusion_matrix (y_test, y_pred, labels=range(n_classes)))

AAFHAFHHAFFHAFFRAFHAAFFAAFRAAFHAAFRAFFHAAFEAFFRAFFAAFRAAFHAAFEAAFRAAFHAAFRAFFHA

# Qualitative evaluation of the predictions using matplotlib

def plot_gallery(images, titles, h, w, n_row=3, n_col=4):
"""Helper function to plot a gallery of portraits"""
plt.figure(figsize=(1.8 * n_col, 2.4 % n_row))
plt.subplots_adjust (bottom=0, left=.01, right=.99, top=.90, hspace=.35)
for i in range(n_row % n_col):
plt.subplot (n_row, n_col, i + 1)
plt.imshow (images[i].reshape((h, w)), cmap=plt.cm.gray)
plt.title(titles[i], size=12)
plt.xticks (())
plt.yticks (())

# plot the result of the prediction on a portion of the test set

def title(y_pred, y_test, target_names, 1):
pred_name = target_names|[y_pred[i]].rsplit (' ', 1)[-1]
true_name = target_names[y_test[i]].rsplit(' ', 1)[-1]
return 'predicted: %s\ntrue: 25" % (pred_name, true_name)
prediction_titles = [title(y_pred, y_test, target_names, 1)
for i in range(y_pred.shape[0])]

plot_gallery (X_test, prediction_titles, h, w)
# plot the gallery of the most significative eigenfaces

eigenface_titles = ["eigenface %d" % 1 for i in range(eigenfaces.shape[0]) ]
plot_gallery (eigenfaces, eigenface_titles, h, w)

plt.show ()
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Expected results for the top 5 most represented people in the dataset:

precision recall fl-score support

Gerhard_Schroeder 0.91 0.75 0.82 28
Donald_Rumsfeld 0.84 0.82 0.83 33
Tony_Blair 0.65 0.82 0.73 34
Colin_Powell 0.78 0.88 0.83 58
George_W_Bush 0.93 0.86 0.90 129

avg / total 0.86 0.84 0.85 282

2.5.3 Open problem: Stock Market Structure

Can we predict the variation in stock prices for Google over a given time frame?

Learning a graph structure

2.6 Finding help

2.6.1 The project mailing list

If you encounter a bug with scikit-1learn or something that needs clarification in the docstring or the online
documentation, please feel free to ask on the Mailing List

2.6.2 Q&A communities with Machine Learning practitioners

Metaoptimize/QA A forum for Machine Learning, Natural Language Processing and
other Data Analytics discussions (similar to what Stackoverflow is for developers):
http://metaoptimize.com/qa

A good starting point is the discussion on good freely available textbooks on machine
learning

Quora.com Quora has a topic for Machine Learning related questions that also features some
interesting discussions: http://quora.com/Machine-Learning

Have a look at the best questions section, eg: What are some good resources for learning
about machine learning.

— _’An excellent free online course for Machine Learning taught by Professor Andrew Ng of Stanford’:
https://www.coursera.org/course/ml
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— _’Another excellent free online course that takes a more general approach to Artificial Intelli-
gence’:http://www.udacity.com/overview/Course/cs271/CourseRev/1
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CHAPTER
THREE

WORKING WITH TEXT DATA

The goal of this guide is to explore some of the main scikit-learn tools on a single practical task: analysing a
collection of text documents (newsgroups posts) on twenty different topics.

In this section we will see how to:
* load the file contents and the categories
* extract feature vectors suitable for machine learning
* train a linear model to perform categorization

* use a grid search strategy to find a good configuration of both the feature extraction components and the classifier

3.1 Tutorial setup

To get started with this tutorial, you firstly must have the scikit-learn and all of its required dependencies installed.
Please refer to the installation instructions page for more information and for per-system instructions.
The source of this tutorial can be found within your scikit-learn folder:

scikit-learn/doc/tutorial/text_analytics/

The tutorial folder, should contain the following folders:
* x.rst files - the source of the tutorial document written with sphinx
* data - folder to put the datasets used during the tutorial
* skeletons - sample incomplete scripts for the exercises
* solutions - solutions of the exercises

You can already copy the skeletons into a new folder somewhere on your hard-drive named
sklearn_tut_workspace where you will edit your own files for the exercises while keeping the original
skeletons intact:

o)

% cp -r skeletons work_directory/sklearn_tut_workspace

Machine Learning algorithms need data. Go to each $TUTORIAL_HOME/data sub-folder and run the
fetch_data.py script from there (after having read them first).

For instance:

o\

cd S$TUTORIAL_HOME/data/languages
less fetch_data.py
python fetch_data.py

o°

o°
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3.2 Loading the 20 newsgroups dataset

The dataset is called “Twenty Newsgroups”. Here is the official description, quoted from the website:

The 20 Newsgroups data set is a collection of approximately 20,000 newsgroup documents, partitioned
(nearly) evenly across 20 different newsgroups. To the best of our knowledge, it was originally collected
by Ken Lang, probably for his paper “Newsweeder: Learning to filter netnews,” though he does not explic-
itly mention this collection. The 20 newsgroups collection has become a popular data set for experiments
in text applications of machine learning techniques, such as text classification and text clustering.

In the following we will use the built-in dataset loader for 20 newsgroups from scikit-learn. Alternatively, it is possible
to download the dataset manually from the web-site and use the sklearn.datasets.load_files function by
pointing it to the 20news—-bydate-train subfolder of the uncompressed archive folder.

In order to get faster execution times for this first example we will work on a partial dataset with only 4 categories out
of the 20 available in the dataset:

>>> categories = ['alt.atheism', 'soc.religion.christian',
'comp.graphics', 'sci.med']

We can now load the list of files matching those categories as follows:

>>> from sklearn.datasets import fetch_20newsgroups
>>> twenty_train = fetch_20newsgroups (subset='train',
categories=categories, shuffle=True, random_state=42)

The returned dataset is a scikit-learn “bunch™ a simple holder object with fields that can be both accessed
as python dict keys or object attributes for convenience, for instance the target_names holds the list of the
requested category names:

>>> twenty_train.target_names
['alt.atheism', 'comp.graphics', 'sci.med', 'soc.religion.christian']

The files themselves are loaded in memory in the data attribute. For reference the filenames are also available:

>>> len(twenty_train.data)

2257

>>> len (twenty_train.filenames)
2257

Let’s print the first lines of the first loaded file:

>>> print ("\n".join (twenty_train.datal[0].split ("\n") [:3]))
From: sd345@city.ac.uk (Michael Collier)

Subiject: Converting images to HP LaserJet III?
Nntp-Posting-Host: hampton

>>> print (twenty_train.target_names[twenty_train.target[0]])
comp.graphics

Supervised learning algorithms will require a category label for each document in the training set. In this case the cat-
egory is the name of the newsgroup which also happens to be the name of the folder holding the individual documents.

For speed and space efficiency reasons scikit—-1learn loads the target attribute as an array of integers that corre-
sponds to the index of the category name in the target_names list. The category integer id of each sample is stored
in the target attribute:

>>> twenty_train.target[:10]
array([1, 1, 3, 3, 3, 3, 3, 2, 2, 21)
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It is possible to get back the category names as follows:

>>> for t in twenty_train.target[:10]:
print (twenty_train.target_names|[t])

comp.graphics
comp.graphics
soc.religion.christian
soc.religion.christian
soc.religion.christian
soc.religion.christian
soc.religion.christian
sci.med

sci.med

sci.med

You can notice that the samples have been shuffled randomly (with a fixed RNG seed): this is useful if you select only
the first samples to quickly train a model and get a first idea of the results before re-training on the complete dataset
later.

3.3 Extracting features from text files

In order to perform machine learning on text documents, we first need to turn the text content into numerical feature
vectors.

3.3.1 Bags of words

The most intuitive way to do so is the bags of words representation:

1. assign a fixed integer id to each word occurring in any document of the training set (for instance by building a
dictionary from words to integer indices).

2. for each document #1i, count the number of occurrences of each word w and store itin X [i, 7j] as the value
of feature # j where j is the index of word w in the dictionary

The bags of words representation implies that n_features is the number of distinct words in the corpus: this
number is typically larger that 100,000.

If n_samples == 10000, storing X as a numpy array of type float32 would require 10000 x 100000 x 4 bytes =
4GB in RAM which is barely manageable on today’s computers.

Fortunately, most values in X will be zeros since for a given document less than a couple thousands of distinct words
will be used. For this reason we say that bags of words are typically high-dimensional sparse datasets. We can save
a lot of memory by only storing the non-zero parts of the feature vectors in memory.

scipy.sparse matrices are data structures that do exactly this, and scikit—-1learn has built-in support for these
structures.

3.3.2 Tokenizing text with scikit-learn

Text preprocessing, tokenizing and filtering of stopwords are included in a high level component that is able to build a
dictionary of features and transform documents to feature vectors:
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>>> from sklearn.feature_extraction.text import CountVectorizer
>>> count_vect = CountVectorizer ()

>>> X_train_counts = count_vect.fit_transform(twenty_train.data)
>>> X_train_counts.shape

(2257, 35788)

CountVectorizer supports counts of N-grams of words or consequective characters. Once fitted, the vectorizer
has built a dictionary of feature indices:

>>> count_vect.vocabulary_.get (u'algorithm')
4690

The index value of a word in the vocabulary is linked to its frequency in the whole training corpus.

3.3.3 From occurrences to frequencies

Occurrence count is a good start but there is an issue: longer documents will have higher average count values than
shorter documents, even though they might talk about the same topics.

To avoid these potential discrepancies it suffices to divide the number of occurrences of each word in a document by
the total number of words in the document: these new features are called t £ for Term Frequencies.

Another refinement on top of tf is to downscale weights for words that occur in many documents in the corpus and are
therefore less informative than those that occur only in a smaller portion of the corpus.

This downscaling is called tf—idf for “Term Frequency times Inverse Document Frequency”.
Both tf and tf—idf can be computed as follows:

>>> from sklearn.feature_extraction.text import TfidfTransformer

>>> tf_transformer = TfidfTransformer (use_idf=False).fit (X_train_counts)
>>> X _train_tf = tf transformer.transform(X_train_counts)

>>> X_train_tf.shape

(2257, 35788)

In the above example-code, we firstly use the £it (..) method to fit our estimator to the data and secondly
the transform(..) method to transform our count-matrix to a tf-idf representation. These two steps can be
combined to achieve the same end result faster by skipping redundant processing. This is done through using the
fit_transform(..) method as shown below, and as mentioned in the note in the previous section:

>>> tfidf_transformer = TfidfTransformer ()

>>> X_train_tfidf = tfidf_transformer.fit_transform(X_train_counts)
>>> X_train_tfidf.shape

(2257, 35788)

3.4 Training a classifier

Now that we have our features, we can train a classifier to try to predict the category of a post. Let’s start with a
naive Bayes classifier, which provides a nice baseline for this task. scikit—-1learn includes several variants of this
classifier; the one most suitable for word counts is the multinomial variant:

>>> from sklearn.naive_bayes import MultinomialNB
>>> clf = MultinomialNB() .fit (X_train_tfidf, twenty_train.target)

To try to predict the outcome on a new document we need to extract the features using almost the same feature extract-
ing chain as before. The difference is that we call transform instead of fit_transform on the transformers,
since they have already been fit to the training set:
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>>> docs_new = ['God is love', 'OpenGL on the GPU is fast']
>>> X_new_counts = count_vect.transform(docs_new)
>>> X _new_tfidf = tfidf_transformer.transform(X_new_counts)

>>> predicted = clf.predict (X_new_tfidf)

>>> for doc, category in zip (docs_new, predicted):

[

print ('¢r => $s' % (doc, twenty_train.target_names[categoryl]))

'God is love' => soc.religion.christian
'OpenGL on the GPU is fast' => comp.graphics

3.5 Building a pipeline

In order to make the vectorizer => transformer => classifier easier to work with, scikit-learn provides a
Pipeline class that behaves like a compound classifier:

>>> from sklearn.pipeline import Pipeline
>>> text_clf = Pipeline([('vect', CountVectorizer()),
('"tfidf', TfidfTransformer()),
('clf', MultinomialNB()),
1)

The names vect, t £idf and c1f (classifier) are arbitrary. We shall see their use in the section on grid search, below.
We can now train the model with a single command:

>>> text_clf = text_clf.fit (twenty_train.data, twenty_train.target)

3.6 Evaluation of the performance on the test set

Evaluating the predictive accuracy of the model is equally easy:

>>> import numpy as np

>>> twenty_test = fetch_20newsgroups (subset="test',
categories=categories, shuffle=True, random_state=42)

>>> docs_test = twenty_test.data

>>> predicted = text_clf.predict (docs_test)

>>> np.mean (predicted == twenty_test.target)

0.834...

L.e., we achieved 83.4% accuracy. Let’s see if we can do better with a linear support vector machine (SVM), which is
widely regarded as one of the best text classification algorithms (although it’s also a bit slower than naive Bayes). We
can change the learner by just plugging a different classifier object into our pipeline:

>>> from sklearn.linear_model import SGDClassifier
>>> text_clf = Pipeline([('vect', CountVectorizer()),

('"tfidf', TfidfTransformer()),

('clf', SGDClassifier(loss='hinge', penalty='12",

alpha=le-3, n_iter=5, random_state=42)),

.o D
>>> _ = text_clf.fit (twenty_train.data, twenty_train.target)
>>> predicted = text_clf.predict (docs_test)
>>> np.mean (predicted == twenty_test.target)
0.912...
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scikit—-learn further provides utilities for more detailed performance analysis of the results:

>>> from sklearn import metrics
>>> print (metrics.classification_report (twenty_test.target, predicted,
target_names=twenty_test.target_names))

precision recall fl-score support

alt.atheism 0.95 0.81 0.87 319
comp.graphics 0.88 0.97 0.92 389

sci.med 0.94 0.90 0.92 396
soc.religion.christian 0.90 0.95 0.93 398
avg / total 0.92 0.91 0.91 1502

>>> metrics.confusion_matrix (twenty_test.target, predicted)
array([[258, 11, 15, 35],
[ 4, 379, 3,
[ 5, 33, 355,
[ 5, 10, 4, 379

31,
3 ] 4
1)
As expected the confusion matrix shows that posts from the newsgroups on atheism and christian are more often
confused for one another than with computer graphics.

3.7 Parameter tuning using grid search

We’ve already encountered some parameters such as use_idf inthe TfidfTransformer. Classifiers tend to have
many parameters as well; e.g., MultinomialNB includes a smoothing parameter alpha and SGDClassifier
has a penalty parameter alpha and configurable loss and penalty terms in the objective function (see the module
documentation, or use the Python he1p function, to get a description of these).

Instead of tweaking the parameters of the various components of the chain, it is possible to run an exhaustive search of
the best parameters on a grid of possible values. We try out all classifiers on either words or bigrams, with or without
idf, and with a penalty parameter of either 0.01 or 0.001 for the linear SVM:

>>> from sklearn.grid search import GridSearchCV

>>> parameters = {'vect__ngram_range': [(1, 1), (1, 2)1,
'tfidf_ use_idf': (True, False),
'clf__alpha': (le-2, le-3),

}

Obviously, such an exhaustive search can be expensive. If we have multiple CPU cores at our disposal, we can tell
the grid searcher to try these eight parameter combinations in parallel with the n_ jobs parameter. If we give this
parameter a value of —1, grid search will detect how many cores are installed and uses them all:

>>> gs_clf = GridSearchCV (text_clf, parameters, n_jobs=-1)

The grid search instance behaves like a normal scikit-1learn model. Let’s perform the search on a smaller subset
of the training data to speed up the computation:

>>> gs_clf = gs_clf.fit (twenty_train.data[:400], twenty_train.target[:400])

The result of calling fit ona GridSearchCV object is a classifier that we can use to predict:

>>> twenty_train.target_names[gs_clf.predict (['God is love'])]
'soc.religion.christian’
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but otherwise, it’s a pretty large and clumsy object. We can, however, get the optimal parameters out by inspecting the
object’s grid_scores_ attribute, which is a list of parameters/score pairs. To get the best scoring attributes, we can
do:

>>> best_parameters, score, _ = max(gs_clf.grid_scores_, key=lambda x: x[1])

>>> for param_name in sorted (parameters.keys()):

o

print (" : " % (param_name, best_parameters|[param_name]))

clf__alpha: 0.001
tfidf_ use_idf: True
vect__ngram_range: (1, 1)

>>> score
0.900...

3.7.1 Exercises

To do the exercises, copy the content of the ‘skeletons’ folder as a new folder named ‘workspace’:

)

% cp —r skeletons workspace

You can then edit the content of the workspace without fear of loosing the original exercise instructions.
Then fire an ipython shell and run the work-in-progress script with:

[1] $run workspace/exercise_XX_script.py argl arg2 arg3

If an exception is triggered, use $debug to fire-up a post mortem ipdb session.
Refine the implementation and iterate until the exercise is solved.

For each exercise, the skeleton file provides all the necessary import statements, boilerplate code to load the
data and sample code to evaluate the predictive accurracy of the model.

3.8 Exercise 1: Language identification

* Write a text classification pipeline using a custom preprocessor and CharNGramAnalyzer using data from
Wikipedia articles as training set.

 Evaluate the performance on some held out test set.
ipython command line:

$run workspace/exercise_01_language_train_model.py data/languages/paragraphs/

3.9 Exercise 2: Sentiment Analysis on movie reviews

* Write a text classification pipeline to classify movie reviews as either positive or negative.
* Find a good set of parameters using grid search.
* Evaluate the performance on a held out test set.

ipython command line:
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$run workspace/exercise_02_sentiment.py data/movie_reviews/txt_sentoken/

3.10 Exercise 3: CLI text classification utility

Using the results of the previous exercises and the cPickle module of the standard library, write a command line
utility that detects the language of some text provided on st din and estimate the polarity (positive or negative) if the
text is written in English.

Bonus point if the utility is able to give a confidence level for its predictions.

3.11 Where to from here

Here are a few suggestions to help further your scikit-learn intuition upon the completion of this tutorial:
* Try playing around with the analyzer and token normalisation under CountVectorizer
* If you don’t have labels, try using Clustering on your problem.
« If you have multiple labels per document, e.g categories, have a look at the Multiclass and multilabel section
* Try using Truncated SVD for latent semantic analysis.

* Have a look at using Out-of-core Classification to learn from data that would not fit into the computer main
memory.

* Have a look at the Hashing Vectorizer as a memory efficient alternative to CountVectorizer.

Note: Doctest Mode

The code-examples in the above tutorials are written in a python-console format. If you wish to easily execute these
examples in IPython, use:

$doctest_mode

in the [Python-console. You can then simply copy and paste the examples directly into IPython without having to
worry about removing the >>> manually.
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CHAPTER
FOUR

SUPERVISED LEARNING

4.1 Generalized Linear Models

The following are a set of methods intended for regression in which the target value is expected to be a linear combi-
nation of the input variables. In mathematical notion, if ¢ is the predicted value.

J(w,z) = wo + w11 + ... + wWpTp

Across the module, we designate the vector w = (w1, ..., wp) as coef_ and wg as intercept_.

To perform classification with generalized linear models, see Logistic regression.

4.1.1 Ordinary Least Squares
LinearRegression fits a linear model with coefficients w = (w1, ..., w,) to minimize the residual sum of squares
between the observed responses in the dataset, and the responses predicted by the linear approximation. Mathemati-

cally it solves a problem of the form:

min || Xw — |2
w

LinearRegression will take in its £it method arrays X, y and will store the coefficients w of the linear model
in its coef_ member:
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>>> from sklearn import linear_model

>>> clf = linear_model.LinearRegression/()

>>> clf.fit «([([O0, O], [1, 11, [2, 211, [0, 1, 2])

LinearRegression (copy_X=True, fit_intercept=True, n_jobs=1, normalize=False)
>>> clf.coef_

array ([ 0.5, 0.5])

However, coefficient estimates for Ordinary Least Squares rely on the independence of the model terms. When terms
are correlated and the columns of the design matrix X have an approximate linear dependence, the design matrix
becomes close to singular and as a result, the least-squares estimate becomes highly sensitive to random errors in the
observed response, producing a large variance. This situation of multicollinearity can arise, for example, when data
are collected without an experimental design.

Examples:

* Linear Regression Example

Ordinary Least Squares Complexity

This method computes the least squares solution using a singular value decomposition of X. If X is a matrix of size (n,
p) this method has a cost of O(np?), assuming that n > p.

4.1.2 Ridge Regression

Ridge regression addresses some of the problems of Ordinary Least Squares by imposing a penalty on the size of
coefficients. The ridge coefficients minimize a penalized residual sum of squares,

min|| Xw — y||>? + ol jw]},”

Here, o > 0 is a complexity parameter that controls the amount of shrinkage: the larger the value of «, the greater the
amount of shrinkage and thus the coefficients become more robust to collinearity.

Ridge coefficients as a function of the regularization

200 -

100}

weights

—100}

107 107 10" 10° 10° 107 10® 10° 10"
alpha

As with other linear models, Ridge will take in its £it method arrays X, y and will store the coefficients w of the
linear model in its coef__ member:

44 Chapter 4. Supervised learning



scikit-learn user guide, Release 0.16.1

>>> from sklearn import linear_model

>>> clf = linear_model.Ridge (alpha = .5)

>>> clf.fit ([0, 01, O, O, [1, 111, [O, .1, 11)

Ridge (alpha=0.5, copy_X=True, fit_intercept=True, max_iter=None,
normalize=False, solver='auto', tol=0.001)

>>> clf.coef_

array ([ 0.34545455, 0.34545455])

>>> clf.intercept_

0.13636...

Examples:

* Plot Ridge coefficients as a function of the regularization
* Classification of text documents using sparse features

Ridge Complexity

This method has the same order of complexity than an Ordinary Least Squares.

Setting the regularization parameter: generalized Cross-Validation

RidgeCV implements ridge regression with built-in cross-validation of the alpha parameter. The object works in
the same way as GridSearchCV except that it defaults to Generalized Cross-Validation (GCV), an efficient form of
leave-one-out cross-validation:

>>> from sklearn import linear_model

>>> clf = linear_model.RidgeCV (alphas=[0.1, 1.0, 10.0])

>>> clf.fit([[0O, O], [O, O], (1, 111, [0, .1, 11)

RidgeCV (alphas=[0.1, 1.0, 10.0], cv=None, fit_intercept=True, scoring=None,
normalize=False)

>>> clf.alpha_

0.1

References

* “Notes on Regularized Least Squares”, Rifkin & Lippert (technical report, course slides).

4.1.3 Lasso

The Lasso is a linear model that estimates sparse coefficients. It is useful in some contexts due to its tendency
to prefer solutions with fewer parameter values, effectively reducing the number of variables upon which the given
solution is dependent. For this reason, the Lasso and its variants are fundamental to the field of compressed sensing.
Under certain conditions, it can recover the exact set of non-zero weights (see Compressive sensing: tomography
reconstruction with L1 prior (Lasso)).

Mathematically, it consists of a linear model trained with ¢; prior as regularizer. The objective function to minimize

is:

. 1
min o——— 1 Xw = ylf3 + alwlh
w Nsamples
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The lasso estimate thus solves the minimization of the least-squares penalty with «||w||; added, where « is a constant
and ||w]|; is the ¢1-norm of the parameter vector.

The implementation in the class Lasso uses coordinate descent as the algorithm to fit the coefficients. See Least
Angle Regression for another implementation:

>>> clf = linear_model.Lasso(alpha = 0.1)

>>> clf.fitc([[O, O], [L1, 111, [0, 171)

Lasso (alpha=0.1, copy_X=True, fit_intercept=True, max_iter=1000,
normalize=False, positive=False, precompute=False, random_state=None,
selection='"cyclic', tol=0.0001], warm_start=False)

>>> clf.predict ([[1, 1]11)

array ([ 0.8])

Also useful for lower-level tasks is the function 1asso_path that computes the coefficients along the full path of
possible values.

Examples:

* Lasso and Elastic Net for Sparse Signals
* Compressive sensing: tomography reconstruction with LI prior (Lasso)

Note: Feature selection with Lasso

As the Lasso regression yields sparse models, it can thus be used to perform feature selection, as detailed in L/-based
feature selection.

Note: Randomized sparsity

For feature selection or sparse recovery, it may be interesting to use Randomized sparse models.

Setting regularization parameter

The alpha parameter controls the degree of sparsity of the coefficients estimated.

Using cross-validation

scikit-learn exposes objects that set the Lasso alpha parameter by cross-validation: LassoCV and LassoLarsCV.
LassoLarsCV is based on the Least Angle Regression algorithm explained below.

For high-dimensional datasets with many collinear regressors, LassoCV is most often preferable. However,
LassoLarsCV has the advantage of exploring more relevant values of alpha parameter, and if the number of samples
is very small compared to the number of observations, it is often faster than LassoCV.
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Information-criteria based model selection

Alternatively, the estimator LassoLarsIC proposes to use the Akaike information criterion (AIC) and the Bayes
Information criterion (BIC). It is a computationally cheaper alternative to find the optimal value of alpha as the regu-
larization path is computed only once instead of k+1 times when using k-fold cross-validation. However, such criteria
needs a proper estimation of the degrees of freedom of the solution, are derived for large samples (asymptotic results)

and assume the model is correct, i.e. that the data are actually generated by this model. They also tend to break when
the problem is badly conditioned (more features than samples).
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Examples:

e Lasso model selection: Cross-Validation /AIC / BIC

4.1.4 Elastic Net

ElasticNet is a linear regression model trained with L1 and L2 prior as regularizer. This combination allows for
learning a sparse model where few of the weights are non-zero like La s so, while still maintaining the regularization
properties of Ridge. We control the convex combination of L1 and L2 using the 11_ rat io parameter.
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Elastic-net is useful when there are multiple features which are correlated with one another. Lasso is likely to pick one
of these at random, while elastic-net is likely to pick both.

A practical advantage of trading-off between Lasso and Ridge is it allows Elastic-Net to inherit some of Ridge’s
stability under rotation.

The objective function to minimize is in this case

) 1 a(l—p
min | xXw ~ y|3 + apull, + 22

2
w
w 2nsamples ||2

Lasso and Elastic-Net Paths

25}

20}

15+

10}

coefficients

—10|| — lasso e == -\ |
— - Elastic-Net

-1.5 -1.0 -0.5 0.0 Q.5
-Log(alpha)

The class ElasticNetCV can be used to set the parameters alpha («) and 11_ratio (p) by cross-validation.

Examples:

* Lasso and Elastic Net for Sparse Signals
* Lasso and Elastic Net

4.1.5 Multi-task Lasso

The MultiTaskLasso is a linear model that estimates sparse coefficients for multiple regression problems jointly:
y is a 2D array, of shape (n_samples, n_tasks). The constraint is that the selected features are the same for all the
regression problems, also called tasks.

The following figure compares the location of the non-zeros in W obtained with a simple Lasso or a MultiTaskLasso.
The Lasso estimates yields scattered non-zeros while the non-zeros of the MultiTaskLasso are full columns.
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T T
— Ground truth
— lasso

Coefficient non-zero location — MultiTaskLasso
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Fitting a time-series model, imposing that any active feature be active at all times.

Examples:

* Joint feature selection with multi-task Lasso

Mathematically, it consists of a linear model trained with a mixed ¢; {5 prior as regularizer. The objective function to
minimize is:

) 1
min o————||XW = Y|[3 + of[W]|21

w - ZMNsamples

where;
- 2
Wller =3\ /2w
i J
The implementation in the class MultiTaskLasso uses coordinate descent as the algorithm to fit the coefficients.

4.1.6 Least Angle Regression

Least-angle regression (LARS) is a regression algorithm for high-dimensional data, developed by Bradley Efron,
Trevor Hastie, Iain Johnstone and Robert Tibshirani.

The advantages of LARS are:

* It is numerically efficient in contexts where p >> n (i.e., when the number of dimensions is significantly greater
than the number of points)

* It is computationally just as fast as forward selection and has the same order of complexity as an ordinary least
squares.

* It produces a full piecewise linear solution path, which is useful in cross-validation or similar attempts to tune
the model.

* If two variables are almost equally correlated with the response, then their coefficients should increase at ap-
proximately the same rate. The algorithm thus behaves as intuition would expect, and also is more stable.

* It is easily modified to produce solutions for other estimators, like the Lasso.

The disadvantages of the LARS method include:
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* Because LARS is based upon an iterative refitting of the residuals, it would appear to be especially sensitive to
the effects of noise. This problem is discussed in detail by Weisberg in the discussion section of the Efron et al.
(2004) Annals of Statistics article.

The LARS model can be used using estimator Lars, or its low-level implementation 1ars_path.

4.1.7 LARS Lasso

LassoLars is a lasso model implemented using the LARS algorithm, and unlike the implementation based on
coordinate_descent, this yields the exact solution, which is piecewise linear as a function of the norm of its coefficients.
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>>> from sklearn import linear_model

>>> clf = linear_model.Lassolars (alpha=.1)
>>> clf.fit([[0, O], [1, 111, [0, 11)
Lassolars (alpha=0.1, copy_X=True, eps=..., fit_intercept=True,

fit_path=True, max_iter=500, normalize=True, precompute='auto',
verbose=False)

>>> clf.coef_

array ([ 0.717157..., O. 1)

Examples:

* Lasso path using LARS

The Lars algorithm provides the full path of the coefficients along the regularization parameter almost for free, thus a
common operation consist of retrieving the path with function lars_path

Mathematical formulation

The algorithm is similar to forward stepwise regression, but instead of including variables at each step, the estimated
parameters are increased in a direction equiangular to each one’s correlations with the residual.

Instead of giving a vector result, the LARS solution consists of a curve denoting the solution for each value of the
L1 norm of the parameter vector. The full coefficients path is stored in the array coef_path_, which has size
(n_features, max_features+1). The first column is always zero.
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References:

* Original Algorithm is detailed in the paper Least Angle Regression by Hastie et al.

4.1.8 Orthogonal Matching Pursuit (OMP)

OrthogonalMatchingPursuit and orthogonal_mp implements the OMP algorithm for approximating the
fit of a linear model with constraints imposed on the number of non-zero coefficients (ie. the L ( pseudo-norm).

Being a forward feature selection method like Least Angle Regression, orthogonal matching pursuit can approximate
the optimum solution vector with a fixed number of non-zero elements:

argmin ||y — X’V”% subject to ||]|o < Nnonzero_coefs

Alternatively, orthogonal matching pursuit can target a specific error instead of a specific number of non-zero coeffi-
cients. This can be expressed as:

argmin ||7||o subject to ||y — X~|[3 < tol

OMP is based on a greedy algorithm that includes at each step the atom most highly correlated with the current
residual. It is similar to the simpler matching pursuit (MP) method, but better in that at each iteration, the residual is
recomputed using an orthogonal projection on the space of the previously chosen dictionary elements.

Examples:

* Orthogonal Matching Pursuit

References:

* http://www.cs.technion.ac.il/~ronrubin/Publications/KSVD-OMP-v2.pdf
* Matching pursuits with time-frequency dictionaries, S. G. Mallat, Z. Zhang,

4.1.9 Bayesian Regression
Bayesian regression techniques can be used to include regularization parameters in the estimation procedure: the
regularization parameter is not set in a hard sense but tuned to the data at hand.

This can be done by introducing uninformative priors over the hyper parameters of the model. The ¢ regularization
used in Ridge Regression is equivalent to finding a maximum a-postiori solution under a Gaussian prior over the
parameters w with precision A~ 1. Instead of setting lambda manually, it is possible to treat it as a random variable to
be estimated from the data.

To obtain a fully probabilistic model, the output ¥ is assumed to be Gaussian distributed around X w:
p(y| X, w,a) = N(y| Xw, a)

Alpha is again treated as a random variable that is to be estimated from the data.
The advantages of Bayesian Regression are:
* It adapts to the data at hand.

* It can be used to include regularization parameters in the estimation procedure.
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The disadvantages of Bayesian regression include:

¢ Inference of the model can be time consuming.

References

* A good introduction to Bayesian methods is given in C. Bishop: Pattern Recognition and Machine learning
* Original Algorithm is detailed in the book Bayesian learning for neural networks by Radford M. Neal

Bayesian Ridge Regression

BayesianRidge estimates a probabilistic model of the regression problem as described above. The prior for the
parameter w is given by a spherical Gaussian:

pwlA) = N (w|0,A7'1p)

The priors over o and A are chosen to be gamma distributions, the conjugate prior for the precision of the Gaussian.

The resulting model is called Bayesian Ridge Regression, and is similar to the classical Ridge. The parameters
w, o and A are estimated jointly during the fit of the model. The remaining hyperparameters are the parameters of
the gamma priors over o and A. These are usually chosen to be non-informative. The parameters are estimated by
maximizing the marginal log likelihood.

By default oy = ap = Ay = Ao = 1.e7 5.

08 Weights of the model
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Bayesian Ridge Regression is used for regression:

>>> from sklearn import linear_model

>>> X = [[0., 0.1, (1., 1.1, (2., 2.1, [3., 3.11
>>> Y = [0., 1., 2., 3.]
>>> clf = linear_model.BayesianRidge ()

>>> clf.fit (X, Y)

BayesianRidge (alpha_1=1e-06, alpha_2=1e-06, compute_score=False, copy_X=True,
fit_intercept=True, lambda_l=1le-06, lambda_2=1e-06, n_iter=300,
normalize=False, tol=0.001, verbose=False)

After being fitted, the model can then be used to predict new values:
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>>> clf.predict ([[1, 0.11)
array ([ 0.500000137)

The weights w of the model can be access:

>>> clf.coef_
array ([ 0.49999993, 0.499999931)

Due to the Bayesian framework, the weights found are slightly different to the ones found by Ordinary Least Squares.
However, Bayesian Ridge Regression is more robust to ill-posed problem.

Examples:

* Bayesian Ridge Regression

References

* More details can be found in the article Bayesian Interpolation by MacKay, David J. C.

Automatic Relevance Determination - ARD

ARDRegression is very similar to Bayesian Ridge Regression, but can lead to sparser weights w ' 2.
ARDRegression poses a different prior over w, by dropping the assumption of the Gaussian being spherical.
Instead, the distribution over w is assumed to be an axis-parallel, elliptical Gaussian distribution.

This means each weight w; is drawn from a Gaussian distribution, centered on zero and with a precision \;:
-1
p(w|A) = N(wl|0, A7)

with diag (A) = A = {1, ..., \p}

In contrast to Bayesian Ridge Regression, each coordinate of w; has its own standard deviation \;. The prior over all
A; is chosen to be the same gamma distribution given by hyperparameters A\; and As.
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! Christopher M. Bishop: Pattern Recognition and Machine Learning, Chapter 7.2.1
2 David Wipf and Srikantan Nagarajan: A new view of automatic relevance determination.
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Examples:

* Automatic Relevance Determination Regression (ARD)

References: I

4.1.10 Logistic regression

Logistic regression, despite its name, is a linear model for classification rather than regression. Logistic regression is
also known in the literature as logit regression, maximum-entropy classification (MaxEnt) or the log-linear classifier.
In this model, the probabilities describing the possible outcomes of a single trial are modeled using a logistic function.

The implementation of logistic regression in scikit-learn can be accessed from class LogisticRegression. This
implementation can fit a multiclass (one-vs-rest) logistic regression with optional L2 or L1 regularization.

As an optimization problem, binary class L2 penalized logistic regression minimizes the following cost function:

1 n
min inw + CZ log(exp(fyi(XiTw +¢c)) +1).
€ i—1

Similarly, L1 regularized logistic regression solves the following optimization problem

min s +C 3" log(exp(—yi(XTw +¢)) +1).
- i=1

The solvers implemented in the class LogisticRegression are “liblinear” (which is a wrapper around the C++
library, LIBLINEAR), “newton-cg” and “lbfgs”.

The Ibfgs and newton-cg solvers only support L2 penalization and are found to converge faster for some high dimen-
sional data. L1 penalization yields sparse predicting weights.

Several estimators are available for logistic regression.
LogisticRegression has an option of using three solvers, “liblinear”, “lbfgs” and “newton-cg”.

The solver “liblinear” uses a coordinate descent (CD) algorithm based on Liblinear. For L1 penalization
sklearn.svm.11l_min_c allows to calculate the lower bound for C in order to get a non “null” (all feature weights
to zero) model. This relies on the excellent LIBLINEAR library, which is shipped with scikit-learn. However, the CD
algorithm implemented in liblinear cannot learn a true multinomial (multiclass) model; instead, the optimization prob-
lem is decomposed in a “one-vs-rest” fashion so separate binary classifiers are trained for all classes. This happens
under the hood, so LogisticRegression instances using this solver behave as multiclass classifiers.

Setting multi_class to “multinomial” with the “lbfgs” or “newton-cg” solver in LogisticRegression learns a
true multinomial logistic regression model, which means that its probability estimates should be better calibrated
than the default “one-vs-rest” setting. L-BFGS and newton-cg cannot optimize L1-penalized models, though, so the
“multinomial” setting does not learn sparse models.

Examples:

* LI Penalty and Sparsity in Logistic Regression
* Path with L1- Logistic Regression
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Differences from liblinear:

There might be a difference in the scores obtained between LogisticRegression with
solver=liblinear or LinearSVC and the external liblinear library directly, = when
fit_intercept=False and the fit coef_ (or) the data to be predicted are zeroes. This is because
for the sample(s) with decision_function zero, LogisticRegression and LinearSVC predict the
negative class, while liblinear predicts the positive class. Note that a model with fit_intercept=False
and having many samples with decision_function zero, is likely to be a underfit, bad model and you are
advised to set fit_intercept=True and increase the intercept_scaling.

Note: Feature selection with sparse logistic regression

A logistic regression with L1 penalty yields sparse models, and can thus be used to perform feature selection, as
detailed in LI-based feature selection.

LogisticRegressionCV implements Logistic Regression with builtin cross-validation to find out the optimal
C parameter. In general the “newton-cg” and “lbfgs” solvers are found to be faster due to warm-starting. For the
multiclass case, if multi_class option is set to “ovr”, an optimal C is obtained for each class and if the multi_class
option is set to “multinomial”, an optimal C is obtained that minimizes the cross-entropy loss.

4.1.11 Stochastic Gradient Descent - SGD

Stochastic gradient descent is a simple yet very efficient approach to fit linear models. It is particularly useful when the
number of samples (and the number of features) is very large. The partial_fit method allows only/out-of-core
learning.

The classes SGDClassifier and SGDRegressor provide functionality to fit linear models for classifica-
tion and regression using different (convex) loss functions and different penalties. E.g., with loss="1og",
SGDClassifier fits a logistic regression model, while with 1loss="hinge" it fits a linear support vector ma-
chine (SVM).

References

e Stochastic Gradient Descent

4.1.12 Perceptron

The Perceptron is another simple algorithm suitable for large scale learning. By default:
* It does not require a learning rate.
e Itis not regularized (penalized).
* It updates its model only on mistakes.

The last characteristic implies that the Perceptron is slightly faster to train than SGD with the hinge loss and that the
resulting models are sparser.

4.1.13 Passive Aggressive Algorithms

The passive-aggressive algorithms are a family of algorithms for large-scale learning. They are similar to the Per-
ceptron in that they do not require a learning rate. However, contrary to the Perceptron, they include a regularization
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parameter C.

For classification, PassiveAggressiveClassifier can be used with loss="hinge’ (PA-I) or
loss='squared_hinge’ (PA-II). For regression, PassiveAggressiveRegressor can be used with
loss='epsilon_insensitive’ (PA-I)or loss=’'squared_epsilon_insensitive’ (PA-II).

References:

* “Online Passive-Aggressive Algorithms” K. Crammer, O. Dekel, J. Keshat, S. Shalev-Shwartz, Y. Singer
- JMLR 7 (2006)

4.1.14 Robustness regression: outliers and modeling errors

Robust regression is interested in fitting a regression model in the presence of corrupt data: either outliers, or error in
the model.

T T
— OLs (fit time: 0.00s)

— Theil-Sen (fit time: 0.395)
30H — RANSAC (fit time: 0.00s)

20} H

-20} +

Different scenario and useful concepts

There are different things to keep in mind when dealing with data corrupted by outliers:

* QOutliers in X or in y?

Outliers in the y direction Ouitliers in the X direction
. Corrupt y, small deviants Corrupt X, small deviants
e 10F
Error: mean absolute deviation Error: mean absolute deviation
to non corrupt data to non corrupt data
81 — OLS;error = 1.009 8 — OLS: error = 0.003
— Theil-Sen: error = 0.034 — Theil-Sen: error = 0.002

— RANSAC: error = 0.004

* Fraction of outliers versus amplitude of error

The number of outlying points matters, but also how much they are outliers.
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Small outliers Large outliers
Corrupt y, small deviants Corrupt y, large deviants
10F 10F
Error: mean absolute deviation Error: mean absolute deviation
to non corrupt data to non corrupt data
8L — OLS; error = 1.009 8L — OLS: error =11.055
— Thefl-Sen: error = 0.034 — Theil-Sen: error = 0.234

— RANSAC: error = 0.391 — RANSAC: error = 0.002

An important notion of robust fitting is that of breakdown point: the fraction of data that can be outlying for the fit to
start missing the inlying data.

Note that in general, robust fitting in high-dimensional setting (large n_features) is very hard. The robust models here
will probably not work in these settings.

Trade-offs: which estimator?

Scikit-learn provides 2 robust regression estimators: RANSAC and Theil Sen
* RANSAC is faster, and scales much better with the number of samples
* RANSAC will deal better with large outliers in the y direction (most common situa-
tion)
* Theil Sen will cope better with medium-size outliers in the X direction, but this property will
disappear in large dimensional settings.
When in doubt, use RANSAC

RANSAC: RANdom SAmple Consensus

RANSAC (RANdom SAmple Consensus) fits a model from random subsets of inliers from the complete data set.

RANSAC is a non-deterministic algorithm producing only a reasonable result with a certain probability, which is de-
pendent on the number of iterations (see max_trials parameter). It is typically used for linear and non-linear regression
problems and is especially popular in the fields of photogrammetric computer vision.

The algorithm splits the complete input sample data into a set of inliers, which may be subject to noise, and outliers,
which are e.g. caused by erroneous measurements or invalid hypotheses about the data. The resulting model is then
estimated only from the determined inliers.
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Details of the algorithm

Each iteration performs the following steps:

1. Select min_samples random samples from the original data and check whether the set of data is valid (see
is_data_valid).

2. Fit a model to the random subset (base_estimator.fit) and check whether the estimated model is valid
(see is_model_valid).

3. Classify all data as inliers or outliers by calculating the residuals to the estimated model
(base_estimator.predict (X) - y) - all data samples with absolute residuals smaller than the
residual_threshold are considered as inliers.

4. Save fitted model as best model if number of inlier samples is maximal. In case the current estimated model has
the same number of inliers, it is only considered as the best model if it has better score.

These steps are performed either a maximum number of times (max_trials) or until one of the special stop criteria
are met (see stop_n_inliersand stop_score). The final model is estimated using all inlier samples (consensus
set) of the previously determined best model.

The is_data_valid and is_model_valid functions allow to identify and reject degenerate combinations of
random sub-samples. If the estimated model is not needed for identifying degenerate cases, is_data_valid should
be used as it is called prior to fitting the model and thus leading to better computational performance.

Examples:

* Robust linear model estimation using RANSAC
* Robust linear estimator fitting

References:

* http://en.wikipedia.org/wiki/RANSAC

* “Random Sample Consensus: A Paradigm for Model Fitting with Applications to Image Analysis and
Automated Cartography” Martin A. Fischler and Robert C. Bolles - SRI International (1981)

» “Performance Evaluation of RANSAC Family” Sunglok Choi, Taemin Kim and Wonpil Yu - BMVC
(2009)

Theil-Sen estimator: generalized-median-based estimator

The TheilSenRegressor estimator uses a generalization of the median in multiple dimensions. It is thus robust to
multivariate outliers. Note however that the robustness of the estimator decreases quickly with the dimensionality of
the problem. It looses its robustness properties and becomes no better than an ordinary least squares in high dimension.

Examples:

 Theil-Sen Regression
* Robust linear estimator fitting

References:

* http://en.wikipedia.org/wiki/Theil%0E2%80%93Sen_estimator
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Theoretical considerations

TheilSenRegressor is comparable to the Ordinary Least Squares (OLS) in terms of asymptotic efficiency and as
an unbiased estimator. In contrast to OLS, Theil-Sen is a non-parametric method which means it makes no assumption
about the underlying distribution of the data. Since Theil-Sen is a median-based estimator, it is more robust against
corrupted data aka outliers. In univariate setting, Theil-Sen has a breakdown point of about 29.3% in case of a simple
linear regression which means that it can tolerate arbitrary corrupted data of up to 29.3%.

- T
— OLSs (fit time: 0.00s)

— Theil-Sen (fit time: 0.395)
30H — RANSAC (fit time: 0.00s)

20} H

-20} +

The implementation of TheilSenRegressor in scikit-learn follows a generalization to a multivariate linear re-
gression model * using the spatial median which is a generalization of the median to multiple dimensions *.

In terms of time and space complexity, Theil-Sen scales according to

( Nsamples )
Nsubsamples
which makes it infeasible to be applied exhaustively to problems with a large number of samples and features. There-

fore, the magnitude of a subpopulation can be chosen to limit the time and space complexity by considering only a
random subset of all possible combinations.

Examples:

* Theil-Sen Regression

References: I

4.1.15 Polynomial regression: extending linear models with basis functions

One common pattern within machine learning is to use linear models trained on nonlinear functions of the data. This
approach maintains the generally fast performance of linear methods, while allowing them to fit a much wider range
of data.

3 Xin Dang, Hanxiang Peng, Xueqin Wang and Heping Zhang: Theil-Sen Estimators in a Multiple Linear Regression Model.
4

20. Kirkkiinen and S. Ayrimé: On Computation of Spatial Median for Robust Data Mining.
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For example, a simple linear regression can be extended by constructing polynomial features from the coefficients.
In the standard linear regression case, you might have a model that looks like this for two-dimensional data:

J(w,x) = wo + w1y + was

If we want to fit a paraboloid to the data instead of a plane, we can combine the features in second-order polynomials,
so that the model looks like this:

§(w, ) = wo + wir1 + woky + wsr1 Ty + Wert + WS
The (sometimes surprising) observation is that this is still a linear model: to see this, imagine creating a new variable
z = [ml,xg,xlmg,xixg]
With this re-labeling of the data, our problem can be written
J(w, x) = wo + w121 + Wa2z + w323 + Waz4 + Ws2s5

We see that the resulting polynomial regression is in the same class of linear models we’d considered above (i.e. the
model is linear in w) and can be solved by the same techniques. By considering linear fits within a higher-dimensional
space built with these basis functions, the model has the flexibility to fit a much broader range of data.

Here is an example of applying this idea to one-dimensional data, using polynomial features of varying degrees:

10

ground truth
degree 3
degree 4

~—— degree 5

e®e training points

12

This figure is created using the PolynomialFeatures preprocessor. This preprocessor transforms an input data
matrix into a new data matrix of a given degree. It can be used as follows:

>>> from sklearn.preprocessing import PolynomialFeatures
>>> import numpy as np
>>> X = np.arange (6) .reshape (3, 2)

>>> X

array ([[0, 17,
[2, 31,
[4, 511)

>>> poly = PolynomialFeatures (degree=2)
>>> poly.fit_transform(X)
array ([[ 1, 0, 1, 0, 0, 11,

[, 2, 3, 4, 6, 9],

[ 1, 4, 5, 16, 20, 2511)

The features of X have been transformed from [z, 23] to [1, 21, Z2, 23, ¥122, 23], and can now be used within any
linear model.
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This sort of preprocessing can be streamlined with the Pipeline tools. A single object representing a simple polynomial
regression can be created and used as follows:

>>> from sklearn.preprocessing import PolynomialFeatures
>>> from sklearn.linear model import LinearRegression
>>> from sklearn.pipeline import Pipeline
>>> model = Pipeline([('poly', PolynomialFeatures (degree=3)),
("linear', LinearRegression (fit_intercept=False))])
>>> # fit to an order-3 polynomial data

>>> x = np.arange (5)
>>> y = 3 - 2 & X + X x% 2 — X %% 3
>>> model = model.fit(x[:, np.newaxis], vy)

>>> model .named_steps['linear'].coef_
array ([ 3., -2., 1., -1.1)

The linear model trained on polynomial features is able to exactly recover the input polynomial coefficients.

In some cases it’s not necessary to include higher powers of any single feature, but only the so-called interaction
features that multiply together at most d distinct features. These can be gotten from PolynomialFeatures with
the setting interaction_only=True.

For example, when dealing with boolean features, z7' = x; for all n and is therefore useless; but x;x; represents the
conjunction of two booleans. This way, we can solve the XOR problem with a linear classifier:

>>> from sklearn.linear model import Perceptron
>>> from sklearn.preprocessing import PolynomialFeatures
>>> X = np.array(((0, 01, [0, 11, [1, O], [1, 111)

>>> vy = X[:, 0] ©~ X[:, 1]
>>> X = PolynomialFeatures (interaction_only=True) .fit_transform(X)
>>> X
array ([[1, O, 0, O],
(1, o, 1, o1,
(1, 1, o, 01,
(1, 1, 1, 111)

>>> clf = Perceptron(fit_intercept=False, n_iter=10, shuffle=False) .fit (X, V)
>>> clf.score(X, v)
1.0

4.2 Linear and quadratic discriminant analysis

Linear discriminant analysis (1da . LDA) and quadratic discriminant analysis (gda . QD2) are two classic classifiers,
with, as their names suggest, a linear and a quadratic decision surface, respectively.

These classifiers are attractive because they have closed-form solutions that can be easily computed, are inherently
multiclass, and have proven to work well in practice. Also there are no parameters to tune for these algorithms.
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LDA vs QDA
Linear Discriminant Analysis  Quadratic Discriminant Analysis

Data with fixed covariance

Data with varying covariances

The plot shows decision boundaries for LDA and QDA. The bottom row demonstrates that LDA can only learn linear
boundaries, while QDA can learn quadratic boundaries and is therefore more flexible.

Examples:

Linear and Quadratic Discriminant Analysis with confidence ellipsoid: Comparison of LDA and QDA on syn-
thetic data.

4.2.1 Dimensionality reduction using LDA

lda.LDA can be used to perform supervised dimensionality reduction by projecting the input data to a subspace con-
sisting of the most discriminant directions. This is implemented in 1da . LDA . t ransform. The desired dimension-
ality can be set using the n__component s constructor parameter. This parameter has no influenceon 1da .LDA. fit
or lda.LDA.predict.

4.2.2 Mathematical Idea

Both methods work by modeling the class conditional distribution of the data P(X |y = k) for each class k. Predictions
can be obtained by using Bayes’ rule:

P(y|X) = P(X|y) - P(y)/P(X) = P(X|y) - P(Y)/(Q_ P(Xly) - (y))

In linear and quadratic discriminant analysis, P(X |y) is modelled as a Gaussian distribution. In the case of LDA, the
Gaussians for each class are assumed to share the same covariance matrix. This leads to a linear decision surface, as
can be seen by comparing the the log-probability rations log[P(y = k| X)/P(y = l| X)].

In the case of QDA, there are no assumptions on the covariance matrices of the Gaussians, leading to a quadratic
decision surface.
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4.2.3 Shrinkage

Shrinkage is a tool to improve estimation of covariance matrices in situations where the number of training samples
is small compared to the number of features. In this scenario, the empirical sample covariance is a poor estimator.
Shrinkage LDA can be used by setting the shrinkage parameter of the 1da . LDA class to ‘auto’. This automatically
determines the optimal shrinkage parameter in an analytic way following the lemma introduced by Ledoit and Wolf.
Note that currently shrinkage only works when setting the solver parameter to ‘Isqr’ or ‘eigen’.

The shrinkage parameter can also be manually set between 0 and 1. In particular, a value of O corresponds to
no shrinkage (which means the empirical covariance matrix will be used) and a value of 1 corresponds to complete
shrinkage (which means that the diagonal matrix of variances will be used as an estimate for the covariance matrix).
Setting this parameter to a value between these two extrema will estimate a shrunk version of the covariance matrix.

LDA vs. shrinkage LDA (1 discriminative feature)

1.0 T . T T T T
— LDA with shrinkage
— LDA

0.9 R

0.8+ 4

0.7+ 1

Classification accuracy

0.6 .

0.5 . . A . .
0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0

n_features / n_samples

4.2.4 Estimation algorithms

The default solver is ‘svd’. It can perform both classification and transform, and it does not rely on the calculation
of the covariance matrix. This can be an advantage in situations where the number of features is large. However, the
‘svd’ solver cannot be used with shrinkage.

The ‘Isqr’ solver is an efficient algorithm that only works for classification. It supports shrinkage.

The ‘eigen’ solver is based on the optimization of the between class scatter to within class scatter ratio. It can be used
for both classification and transform, and it supports shrinkage. However, the ‘eigen’ solver needs to compute the
covariance matrix, so it might not be suitable for situations with a high number of features.

Examples:

Normal and Shrinkage Linear Discriminant Analysis for classification: Comparison of LDA classifiers with and
without shrinkage.
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References:

Hastie T, Tibshirani R, Friedman J. The Elements of Statistical Learning. Springer, 2009.
Ledoit O, Wolf M. Honey, I Shrunk the Sample Covariance Matrix. The Journal of Portfolio Management 30(4),
110-119, 2004.

4.3 Kernel ridge regression

Kernel ridge regression (KRR) [M2012] combines Ridge Regression (linear least squares with 12-norm regularization)
with the kernel trick. It thus learns a linear function in the space induced by the respective kernel and the data. For
non-linear kernels, this corresponds to a non-linear function in the original space.

The form of the model learned by Kerne 1Ridge is identical to support vector regression (SVR). However, different
loss functions are used: KRR uses squared error loss while support vector regression uses e-insensitive loss, both
combined with 12 regularization. In contrast to SVR, fitting Kerne 1Ridge can be done in closed-form and is typically
faster for medium-sized datasets. On the other hand, the learned model is non-sparse and thus slower than SVR, which
learns a sparse model for € > 0, at prediction-time.

The following figure compares KernelRidge and SVR on an artificial dataset, which consists of a sinusoidal target
function and strong noise added to every fifth datapoint. The learned model of KernelRidge and SVR is plotted,
where both complexity/regularization and bandwidth of the RBF kernel have been optimized using grid-search. The
learned functions are very similar; however, fitting KernelRidge is approx. seven times faster than fitting SVR
(both with grid-search). However, prediction of 100000 target values is more than three times faster with SVR since it
has learned a sparse model using only approx. 1/3 of the 100 training datapoints as support vectors.

The next figure compares the time for fitting and prediction of KernelRidge and SVR for different sizes of the
training set. Fitting KernelRidge is faster than SVR for medium-sized training sets (less than 1000 samples);
however, for larger training sets SVR scales better. With regard to prediction time, SVR is faster than KernelRidge
for all sizes of the training set because of the learned sparse solution. Note that the degree of sparsity and thus the
prediction time depends on the parameters € and C of the SVR; ¢ = 0 would correspond to a dense model.

References: I

4.4 Support Vector Machines

Support vector machines (SVMs) are a set of supervised learning methods used for classification, regression and
outliers detection.

The advantages of support vector machines are:
* Effective in high dimensional spaces.
« Still effective in cases where number of dimensions is greater than the number of samples.
 Uses a subset of training points in the decision function (called support vectors), so it is also memory efficient.

 Versatile: different Kernel functions can be specified for the decision function. Common kernels are provided,
but it is also possible to specify custom kernels.

The disadvantages of support vector machines include:
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SVR versus Kernel Ridge
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Execution Time
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* If the number of features is much greater than the number of samples, the method is likely to give poor perfor-
mances.

* SVMs do not directly provide probability estimates, these are calculated using an expensive five-fold cross-
validation (see Scores and probabilities, below).

The support vector machines in scikit-learn support both dense (numpy.ndarray and convertible to that by
numpy .asarray)and sparse (any scipy . sparse) sample vectors as input. However, to use an SVM to make pre-
dictions for sparse data, it must have been fit on such data. For optimal performance, use C-ordered numpy . ndarray
(dense) or scipy.sparse.csr_matrix (sparse) with dtype=£float64.

4.4.1 Classification

SVC, NuSVC and LinearSVC are classes capable of performing multi-class classification on a dataset.

SVC with linear kernel LinearsSVC (linear kernel)

Sepal width
Sepal width

Sepal length Sepal length

SVC with RBF kernel

SVC with polynomial (degree 3) kernel

Sepal width
Sepal width

Sepal length Sepal length

SVC and NuSVC are similar methods, but accept slightly different sets of parameters and have different mathematical
formulations (see section Mathematical formulation). On the other hand, L.inearSVC is another implementation of
Support Vector Classification for the case of a linear kernel. Note that LinearSVC does not accept keyword kernel,
as this is assumed to be linear. It also lacks some of the members of SVC and NusSVvc, like support_.

As other classifiers, SVC, NuSVC and LinearSVC take as input two arrays: an array X of size [n_samples,
n_features] holding the training samples, and an array y of class labels (strings or integers), size [n_samples]:
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>>> from sklearn import svm

>>> X = [[0, 0], [1, 111
>>> y = [0, 1]
>>> clf = svm.SVC()

>>> clf.fit (X, vy)

SVC (C=1.0, cache_size=200, class_weight=None, coef0=0.0, degree=3,
gamma=0.0, kernel='rbf', max_iter=-1, probability=False, random_state=None,
shrinking=True, tol=0.001, verbose=False)

After being fitted, the model can then be used to predict new values:

>>> clf.predict([[2., 2.]11)
array ([1])

SVMs decision function depends on some subset of the training data, called the support vectors. Some properties of
these support vectors can be found in members support_vectors_, support_ and n_support:

>>> # get support vectors
>>> clf.support_vectors_
array ([[ 0., 0.1,
[ 1., 1.11)
>>> # get indices of support vectors
>>> clf.support_
array ([0, 1]...)
>>> # get number of support vectors for each class
>>> clf.n_support_
array ([1, 1]...)

Multi-class classification

SVC and NusSVC implement the “one-against-one” approach (Knerr et al., 1990) for multi- class classification. If
n_class is the number of classes, thenn_class * (n_class — 1) / 2 classifiers are constructed and each
one trains data from two classes:

>>> X = [[0], [11, [2], [31]
>>>Y = [0, 1, 2, 3]
>>> clf = svm.SVC()

>>> clf.fit (X, Y)

SVC (C=1.0, cache_size=200, class_weight=None, coef0=0.0, degree=3,
gamma=0.0, kernel='rbf', max_iter=-1, probability=False, random_state=None,
shrinking=True, tol=0.001, verbose=False)

>>> dec = clf.decision_function([[1]])
>>> dec.shape[l] # 4 classes: 4%3/2 = 6
6

On the other hand, LinearSVC implements “one-vs-the-rest” multi-class strategy, thus training n_class models. If
there are only two classes, only one model is trained:

>>> lin_clf = svm.LinearSVC ()

>>> lin_clf.fit (X, Y)

LinearSVC(C=1.0, class_weight=None, dual=True, fit_intercept=True,
intercept_scaling=1, loss='squared_hinge', max_iter=1000,
multi_class='ovr', penalty='1l2', random_state=None, tol=0.0001,
verbose=0)

>>> dec = lin_clf.decision_function([[1]])
>>> dec.shape[1l]
4
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See Mathematical formulation for a complete description of the decision function.

Note that the LinearSVC also implements an alternative multi-class strategy, the so-called multi-class SVM formu-
lated by Crammer and Singer, by using the option multi_class=’ crammer_singer’. This method is consis-
tent, which is not true for one-vs-rest classification. In practice, one-vs-rest classification is usually preferred, since
the results are mostly similar, but the runtime is significantly less.

For “one-vs-rest” LinearSVC the attributes coef_ and intercept_ have the shape [n_class,
n_features] and [n_class] respectively. Each row of the coefficients corresponds to one of the n_class
many “one-vs-rest” classifiers and similar for the intercepts, in the order of the “one” class.

In the case of “one-vs-one” SVC, the layout of the attributes is a little more involved. In the case of having a linear
kernel, The layout of coef_ and intercept_ is similar to the one described for LinearSVC described above,

except that the shape of coef__is [n_class * (n_class - 1) / 2, n_features], corresponding to as
many binary classifiers. The order for classes O tonis “Ovs 17, “Ovs 2”7, ... “Ovsn”, “1 vs 27, “l vs 37, “l vsn”, . . .
“n-1vsn”.

The shape of dual_coef_is [n_class—-1, n_SV] with a somewhat hard to grasp layout. The columns corre-
spond to the support vectors involved in any of the n_class = (n_class - 1) / 2 “one-vs-one” classifiers.
Each of the support vectorsisusedinn_class - 1 classifiers. Then_class - 1 entriesin each row correspond
to the dual coefficients for these classifiers.

This might be made more clear by an example:

Consider a three class problem with with class 0 having three support vectors v, v$,v¢ and class 1 and 2 having two
support vectors v?, v{ and v3, v3 respectively. For each support vector v}, there are two dual coefficients. Let’s call

the coefficient of support vector v/ in the classifier between classes ¢ and k o ;. Then dual_coef_ looks like this:

0 0
Qg1 | G2
aby | ap o | Coefficients for SVs of class 0
2’ 2’
a a
0,1 0,2
0 0
a a .
101 7L2 1 Coefficients for SVs of class 1
Qo | 12

920 | 9211 Coefficients for SVs of class 2

Scores and probabilities

The SVC method decision_function gives per-class scores for each sample (or a single score per sample in the
binary case). When the constructor option probability is set to True, class membership probability estimates
(from the methods predict_proba and predict_log_proba) are enabled. In the binary case, the probabilities
are calibrated using Platt scaling: logistic regression on the SVM’s scores, fit by an additional cross-validation on the
training data. In the multiclass case, this is extended as per Wu et al. (2004).

Needless to say, the cross-validation involved in Platt scaling is an expensive operation for large datasets. In addition,
the probability estimates may be inconsistent with the scores, in the sense that the “argmax” of the scores may not be
the argmax of the probabilities. (E.g., in binary classification, a sample may be labeled by predict as belonging
to a class that has probability <%2 according to predict_proba.) Platt’s method is also known to have theoret-
ical issues. If confidence scores are required, but these do not have to be probabilities, then it is advisable to set
probability=False and use decision_function instead of predict_proba.

References:

* Wu, Lin and Weng, “Probability estimates for multi-class classification by pairwise coupling”. JMLR
5:975-1005, 2004.
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Unbalanced problems

In problems where it is desired to give more importance to certain classes or certain individual samples keywords
class_weight and sample_weight can be used.

SVC (but not NuSVC) implement a keyword class_weight in the £it method. It’s a dictionary of the form
{class_label : wvalue}, where value is a floating point number > O that sets the parameter C of class
class_labeltoC * wvalue.

1
— no weights
— - with weights [|

-4l

SVC, NuSVC, SVR, NuSVR and OneClassSVM implement also weights for individual samples in method fit
through keyword sample_weight. Similar to class_weight, these set the parameter C for the i-th example to
C * sample_weight[i].

Constant weights Modified weights
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Examples:

* Plot different SVM classifiers in the iris dataset,

* SVM: Maximum margin separating hyperplane,

» SVM: Separating hyperplane for unbalanced classes
* SVM-Anova: SVM with univariate feature selection,
* Non-linear SVM

* SVM: Weighted samples,

4.4.2 Regression

The method of Support Vector Classification can be extended to solve regression problems. This method is called
Support Vector Regression.

The model produced by support vector classification (as described above) depends only on a subset of the training
data, because the cost function for building the model does not care about training points that lie beyond the margin.
Analogously, the model produced by Support Vector Regression depends only on a subset of the training data, because
the cost function for building the model ignores any training data close to the model prediction.

There are three different implementations of Support Vector Regression: SVR, NuSVR and LinearSVR.
LinearSVR provides a faster implementation than SVR but only considers linear kernels, while NuSVR implements
a slightly different formulation than SVR and LinearSVR. See Implementation details for further details.

As with classification classes, the fit method will take as argument vectors X, y, only that in this case y is expected to
have floating point values instead of integer values:

>>> from sklearn import svm

>>> X = [[0, 01, [2, 21]
>>> vy = [0.5, 2.5]
>>> clf = svm.SVR()

>>> clf.fit (X, vy)

SVR(C=1.0, cache_size=200, coef0=0.0, degree=3, epsilon=0.1, gamma=0.0,
kernel="rbf', max_iter=-1, shrinking=True, tol=0.001, verbose=False)

>>> clf.predict ([[1, 111)

array ([ 1.5])

Examples:

* Support Vector Regression (SVR) using linear and non-linear kernels

4.4.3 Density estimation, novelty detection

One-class SVM is used for novelty detection, that is, given a set of samples, it will detect the soft boundary of that set
so as to classify new points as belonging to that set or not. The class that implements this is called OneClassSVM.

In this case, as it is a type of unsupervised learning, the fit method will only take as input an array X, as there are no
class labels.

See, section Novelty and Outlier Detection for more details on this usage.
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Novelty Detection

learned frontier

training observations

new regular observations
new abnormal observations

-4 -2 0 2 4
error train: 21/200 ; errors novel regular: 2/40 ; errors novel abnormal: 1/40

Examples:

e One-class SVM with non-linear kernel (RBF)
* Species distribution modeling

4.4.4 Complexity

Support Vector Machines are powerful tools, but their compute and storage requirements increase rapidly with the
number of training vectors. The core of an SVM is a quadratic programming problem (QP), separating support
vectors from the rest of the training data. The QP solver used by this libsvm-based implementation scales between
O(nfeatures X Migmpres) A0 O(Nfeatures X N2yppies) depending on how efficiently the libsvm cache is used in
practice (dataset dependent). If the data is very sparse 7 feqtures Should be replaced by the average number of non-
zero features in a sample vector.

Also note that for the linear case, the algorithm used in LinearSVC by the liblinear implementation is much more
efficient than its libsvm-based SVC counterpart and can scale almost linearly to millions of samples and/or features.

4.4.5 Tips on Practical Use

* Avoiding data copy: For SVC, SVR, NuSVC and NuSVR, if the data passed to certain methods is not C-ordered
contiguous, and double precision, it will be copied before calling the underlying C implementation. You can
check whether a give numpy array is C-contiguous by inspecting its £1ags attribute.

For LinearSVvC (and LogisticRegression) any input passed as a numpy array will be copied and con-
verted to the liblinear internal sparse data representation (double precision floats and int32 indices of non-zero
components). If you want to fit a large-scale linear classifier without copying a dense numpy C-contiguous
double precision array as input we suggest to use the SGDClassifier class instead. The objective function
can be configured to be almost the same as the LinearSVC model.
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Kernel cache size: For SVC, SVR, nuSVC and NuSVR, the size of the kernel cache has a strong impact on run
times for larger problems. If you have enough RAM available, it is recommended to set cache_size to a
higher value than the default of 200(MB), such as 500(MB) or 1000(MB).

Setting C: C is 1 by default and it’s a reasonable default choice. If you have a lot of noisy observations you
should decrease it. It corresponds to regularize more the estimation.

Support Vector Machine algorithms are not scale invariant, so it is highly recommended to scale your data.
For example, scale each attribute on the input vector X to [0,1] or [-1,+1], or standardize it to have mean 0
and variance 1. Note that the same scaling must be applied to the test vector to obtain meaningful results. See
section Preprocessing data for more details on scaling and normalization.

Parameter nu in NuSVC/OneClassSVM/NuSVR approximates the fraction of training errors and support vec-
tors.

In svc, if data for classification are unbalanced (e.g. many positive and few negative), set
class_weight='"auto’ and/or try different penalty parameters C.

The underlying LinearSVC implementation uses a random number generator to select features when fitting
the model. It is thus not uncommon, to have slightly different results for the same input data. If that happens,
try with a smaller tol parameter.

Using L1 penalization as provided by LinearSVC (loss=’12’, penalty=’11’, dual=False)
yields a sparse solution, i.e. only a subset of feature weights is different from zero and contribute to the de-
cision function. Increasing C yields a more complex model (more feature are selected). The C value that yields
a “null” model (all weights equal to zero) can be calculated using 11_min_c.

4.4.6 Kernel functions

The kernel function can be any of the following:

linear: (z,z').
polynomial: (y(x,z’) + r)?. d is specified by keyword degree, 7 by coef0.
rbf: exp(—y|x — 2'|?). v is specified by keyword gamma, must be greater than 0.

sigmoid (tanh(y(x, z’) + 1)), where r is specified by coe£0.

Different kernels are specified by keyword kernel at initialization:

>>> linear_svc = svm.SVC (kernel="'linear'")
>>> linear_svc.kernel

'linear’

>>> rbf_svc = svm.SVC(kernel="rbf")

>>> rbf_svc.kernel

'rbf!

Custom Kernels

You can define your own kernels by either giving the kernel as a python function or by precomputing the Gram matrix.

Classifiers with custom kernels behave the same way as any other classifiers, except that:

Field support_vectors_ is now empty, only indices of support vectors are stored in support_

A reference (and not a copy) of the first argument in the £it () method is stored for future reference. If that
array changes between the use of £it () and predict () you will have unexpected results.
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Using Python functions as kernels

You can also use your own defined kernels by passing a function to the keyword kernel in the constructor.
Your kernel must take as arguments two matrices and return a third matrix.
The following code defines a linear kernel and creates a classifier instance that will use that kernel:

>>> import numpy as np

>>> from sklearn import svm

>>> def my_kernel(x, y):
return np.dot (x, y.T)

>>> clf = svm.SVC (kernel=my_kernel)

Examples:

e SVM with custom kernel.

Using the Gram matrix

Set kernel='precomputed’ and pass the Gram matrix instead of X in the fit method. At the moment, the kernel
values between all training vectors and the test vectors must be provided.

>>> import numpy as np

>>> from sklearn import svm

>>> X = np.array([[0, 0], [1, 111)

>>> vy = [0, 1]

>>> clf = svm.SVC(kernel="precomputed")

>>> # linear kernel computation

>>> gram = np.dot (X, X.T)

>>> clf.fit (gram, vy)

SVC (C=1.0, cache_size=200, class_weight=None, coef0=0.0, degree=3,
gamma=0.0, kernel='precomputed', max_iter=-1, probability=False,
random_state=None, shrinking=True, tol=0.001, verbose=False)

>>> # predict on training examples

>>> clf.predict (gram)

array ([0, 1])

Parameters of the RBF Kernel

When training an SVM with the Radial Basis Function (RBF) kernel, two parameters must be considered: C and
gamma. The parameter C, common to all SVM kernels, trades off misclassification of training examples against
simplicity of the decision surface. A low C makes the decision surface smooth, while a high C aims at classifying all
training examples correctly. gamma defines how much influence a single training example has. The larger gamma is,
the closer other examples must be to be affected.

Proper choice of C and gamma is critical to the SVM’s performance. One is advised to use
sklearn.grid_search.GridSearchCV with C and gamma spaced exponentially far apart to choose good
values.
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Examples:

* RBF SVM parameters

4.4.7 Mathematical formulation

A support vector machine constructs a hyper-plane or set of hyper-planes in a high or infinite dimensional space, which
can be used for classification, regression or other tasks. Intuitively, a good separation is achieved by the hyper-plane
that has the largest distance to the nearest training data points of any class (so-called functional margin), since in
general the larger the margin the lower the generalization error of the classifier.

SvC

Given training vectors z; € RP, i=I,..., n, in two classes, and a vector y € {1, —1}", SVC solves the following primal
problem:

] - n
12,1;?1 ww — CZ

subject to y; (w” ¢(x;) +b) > 1 — ¢,
C,' > O,i: 1,...,n

Its dual is
1
min —a’ Qo — el o
a 2

subject to y o = 0
0<wo; <Cii=1,...,n
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where e is the vector of all ones, C' > 0 is the upper bound, @) is an n by n positive semidefinite matrix, Q;; =
K(z;,2;) = ¢(x;)" ¢(z;) is the kernel. Here training vectors are implicitly mapped into a higher (maybe infinite)
dimensional space by the function ¢.

The decision function is:

Sgn Zyzaz x'm +P)

Note: While SVM models derived from libsvm and hbhnear use C as regularization parameter, most other estimators

use alpha. The relation between both is C' = %

This parameters can be accessed through the members dual_coef_ which holds the product y;ay,
support_vectors_ which holds the support vectors, and intercept_ which holds the independent term p

References:

* “Automatic Capacity Tuning of Very Large VC-dimension Classifiers” I Guyon, B Boser, V Vapnik -
Advances in neural information processing 1993,
» “Support-vector networks” C. Cortes, V. Vapnik, Machine Leaming, 20, 273-297 (1995)

NuSvC

We introduce a new parameter ¥ which controls the number of support vectors and training errors. The parameter
v € (0, 1] is an upper bound on the fraction of training errors and a lower bound of the fraction of support vectors.

It can be shown that the v-SVC formulation is a reparametrization of the C'-SVC and therefore mathematically equiv-
alent.

SVR

Given training vectors z; € RP, i=1,..., n, and a vector y € R™ ¢-SVR solves the following primal problem:

1 &
min —w'w+C i+ ¢
w,b,(,¢* 2 ;(C <)

subject to y; — w ¢(x;) — b < e+ ¢,
wh¢(@:) +b—yi <e+¢,
Ci)C; 2 057' = 17 sy

Its dual is
(Ixnciyl*l 1(04 —a)TQ(a—a*) +eeT(a+a*) —yT'(a —a*)
subject to eX (v — a*) = 0
0<aq;,a <Cii=1,..,n
where e is the vector of all ones, C' > 0 is the upper bound, @) is an n by n positive semidefinite matrix, Q;; =

K(z;,2;) = ¢(x;)T ¢(z;) is the kernel. Here training vectors are implicitly mapped into a higher (maybe infinite)
dimensional space by the function ¢.
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The decision function is:

n

D (i —af)K(zi, @) +p

i=1

These parameters can be accessed through the members dual_coef_ which holds the difference a; — o,
support_vectors_ which holds the support vectors, and intercept_ which holds the independent term p

References:

* “A Tutorial on Support Vector Regression” Alex J. Smola, Bernhard Scholkopf -Statistics and Computing
archive Volume 14 Issue 3, August 2004, p. 199-222

4.4.8 Implementation details

Internally, we use libsvm and liblinear to handle all computations. These libraries are wrapped using C and Cython.

References:

For a description of the implementation and details of the algorithms used, please refer to
* LIBSVM: a library for Support Vector Machines
* LIBLINEAR — A Library for Large Linear Classification

4.5 Stochastic Gradient Descent

Stochastic Gradient Descent (SGD) is a simple yet very efficient approach to discriminative learning of linear clas-
sifiers under convex loss functions such as (linear) Support Vector Machines and Logistic Regression. Even though
SGD has been around in the machine learning community for a long time, it has received a considerable amount of
attention just recently in the context of large-scale learning.

SGD has been successfully applied to large-scale and sparse machine learning problems often encountered in text
classification and natural language processing. Given that the data is sparse, the classifiers in this module easily scale
to problems with more than 1075 training examples and more than 1075 features.

The advantages of Stochastic Gradient Descent are:
* Efficiency.
* Ease of implementation (lots of opportunities for code tuning).
The disadvantages of Stochastic Gradient Descent include:
* SGD requires a number of hyperparameters such as the regularization parameter and the number of iterations.

* SGD is sensitive to feature scaling.

4.5.1 Classification

Warning: Make sure you permute (shuffie) your training data before fitting the model or use shuffle=True
to shuffle after each iterations.
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The class SGDClassifier implements a plain stochastic gradient descent learning routine which supports different
loss functions and penalties for classification.

As other classifiers, SGD has to be fitted with two arrays: an array X of size [n_samples, n_features] holding the
training samples, and an array Y of size [n_samples] holding the target values (class labels) for the training samples:

>>> from sklearn.linear model import SGDClassifier

>>> X = [[0., O0.], [1., 1.]]
>>> vy = [0, 1]
>>> clf = SGDClassifier(loss="hinge", penalty="12")

>>> clf.fit (X, vy)

SGDClassifier (alpha=0.0001, average=False, class_weight=None, epsilon=0.1,
eta0=0.0, fit_intercept=True, 1l1_ratio=0.15,
learning_rate='optimal', loss='hinge', n_iter=5, n_Jjobs=1,
penalty='12"', power_t=0.5, random_state=None, shuffle=True,
verbose=0, warm_start=False)

After being fitted, the model can then be used to predict new values:

>>> clf.predict([[2., 2.]11)
array ([1])

SGD fits a linear model to the training data. The member coef__ holds the model parameters:

>>> clf.coef_
array ([[ 9.9..., 9.9...11)

Member intercept_ holds the intercept (aka offset or bias):

>>> clf.intercept_
array ([-9.9...1)

Whether or not the model should use an intercept, i.e. a biased hyperplane, is controlled by the parameter
fit_intercept.
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To get the signed distance to the hyperplane use SGDClassifier.decision_function:

>>> clf.decision_function([[2., 2.]11)
array ([ 29.6...1)

The concrete loss function can be set via the 1oss parameter. SGDClassifier supports the following loss func-
tions:

* loss="hinge": (soft-margin) linear Support Vector Machine,
* loss="modified_huber": smoothed hinge loss,

* loss="1log": logistic regression,

* and all regression losses below.

The first two loss functions are lazy, they only update the model parameters if an example violates the margin con-
straint, which makes training very efficient and may result in sparser models, even when L2 penalty is used.

Using loss="1og" or loss="modified_huber" enables the predict_proba method, which gives a vector
of probability estimates P(y|x) per sample x:

>>> clf = SGDClassifier(loss="1log").fit (X, vy)
>>> clf.predict_proba([[l., 1.11])
array ([[ 0.00..., 0.99...11)

The concrete penalty can be set via the penalty parameter. SGD supports the following penalties:
* penalty="12": L2 norm penalty on coef_.
e penalty="11": L1 norm penalty on coef_.

e penalty="elasticnet": Convex combination of L2 and LI; (1 - 11_ratio) * L2 +
11_ratio * LI1.

The default setting is penalty="12". The L1 penalty leads to sparse solutions, driving most coefficients to zero.
The Elastic Net solves some deficiencies of the L1 penalty in the presence of highly correlated attributes. The param-
eter 11_ratio controls the convex combination of L1 and L2 penalty.

SGDClassifier supports multi-class classification by combining multiple binary classifiers in a “one versus all”
(OVA) scheme. For each of the K classes, a binary classifier is learned that discriminates between that and all other
K — 1 classes. At testing time, we compute the confidence score (i.e. the signed distances to the hyperplane) for each
classifier and choose the class with the highest confidence. The Figure below illustrates the OVA approach on the iris
dataset. The dashed lines represent the three OVA classifiers; the background colors show the decision surface induced
by the three classifiers.

In the case of multi-class classification coef_ is a two-dimensionally array of shape=[n_classes,
n_features] and intercept_ is a one dimensional array of shape=[n_classes]. The i-th row of coef_
holds the weight vector of the OVA classifier for the i-th class; classes are indexed in ascending order (see at-
tribute classes_). Note that, in principle, since they allow to create a probability model, 1oss="1og" and
loss="modified_huber" are more suitable for one-vs-all classification.

SGDClassifier supports both weighted classes and weighted instances via the fit parameters class_weight and
sample_weight. See the examples below and the doc string of SGDClassifier. fit for further information.

Examples:

* SGD: Maximum margin separating hyperplane,

* Plot multi-class SGD on the iris dataset

* SGD: Weighted samples

» SVM: Separating hyperplane for unbalanced classes (See the Note)
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Decision surface of multi-class SGD
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SGDClassifier supports averaged SGD (ASGD). Averaging can be enabled by setting ‘average=True®.
ASGD works by averaging the coefficients of the plain SGD over each iteration over a sample. When using ASGD
the learning rate can be larger and even constant leading on some datasets to a speed up in training time.

4.5.2 Regression

The class SGDRegressor implements a plain stochastic gradient descent learning routine which supports different
loss functions and penalties to fit linear regression models. SGDRegressor is well suited for regression prob-
lems with a large number of training samples (> 10.000), for other problems we recommend Ridge, Lasso, or
ElasticNet.

The concrete loss function can be set via the 1 0ss parameter. SGDRegressor supports the following loss functions:
* loss="squared_loss": Ordinary least squares,
* loss="huber": Huber loss for robust regression,
¢ loss="epsilon_insensitive": linear Support Vector Regression.

The Huber and epsilon-insensitive loss functions can be used for robust regression. The width of the insensitive region
has to be specified via the parameter epsilon. This parameter depends on the scale of the target variables.

SGDRegressor supports averaged SGD as SGDClassifier.  Averaging can be enabled by setting
‘average=True'

4.5.3 Stochastic Gradient Descent for sparse data

Note: The sparse implementation produces slightly different results than the dense implementation due to a shrunk
learning rate for the intercept.
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There is built-in support for sparse data given in any matrix in a format supported by scipy.sparse. For maximum
efficiency, however, use the CSR matrix format as defined in scipy.sparse.csr_matrix.

Examples:

* Classification of text documents using sparse features

4.5.4 Complexity

The major advantage of SGD is its efficiency, which is basically linear in the number of training examples. If X is a
matrix of size (n, p) training has a cost of O(knp), where k is the number of iterations (epochs) and p is the average
number of non-zero attributes per sample.

Recent theoretical results, however, show that the runtime to get some desired optimization accuracy does not increase
as the training set size increases.

4.5.5 Tips on Practical Use

* Stochastic Gradient Descent is sensitive to feature scaling, so it is highly recommended to scale your data. For
example, scale each attribute on the input vector X to [0,1] or [-1,+1], or standardize it to have mean O and
variance 1. Note that the same scaling must be applied to the test vector to obtain meaningful results. This can
be easily done using StandardScaler:

from sklearn.preprocessing import StandardScaler

scaler = StandardScaler ()

scaler.fit (X_train) # Don't cheat - fit only on training data

X_train = scaler.transform(X_train)

X_test = scaler.transform(X_test) # apply same transformation to test data

If your attributes have an intrinsic scale (e.g. word frequencies or indicator features) scaling is not needed.

* Finding a reasonable regularization term « is best done using GridSearchCV, usually in the range
10.0xx—np.arange (1,7).

* Empirically, we found that SGD converges after observing approx. 1076 training samples. Thus, a reasonable
first guess for the number of iterations is n_iter = np.ceil (10x%6 / n), where n is the size of the
training set.

* If you apply SGD to features extracted using PCA we found that it is often wise to scale the feature values by
some constant ¢ such that the average L2 norm of the training data equals one.

* We found that Averaged SGD works best with a larger number of features and a higher eta0

References:

» “Efficient BackProp” Y. LeCun, L. Bottou, G. Orr, K. Miiller - In Neural Networks: Tricks of the Trade
1998.

4.5.6 Mathematical formulation

Given a set of training examples (z1,¥1), ..., (Zn,Yn) where z; € R™ and y; € {—1, 1}, our goal is to learn a linear
scoring function f(z) = w”x + b with model parameters w € R™ and intercept b € R.. In order to make predictions,
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we simply look at the sign of f(x). A common choice to find the model parameters is by minimizing the regularized
training error given by

n

Bw,b) = > Llyi, f(r) + aR(w)

i=1

where L is a loss function that measures model (mis)fit and R is a regularization term (aka penalty) that penalizes
model complexity; o > 0 is a non-negative hyperparameter.

Different choices for L entail different classifiers such as
* Hinge: (soft-margin) Support Vector Machines.
* Log: Logistic Regression.
» Least-Squares: Ridge Regression.
* Epsilon-Insensitive: (soft-margin) Support Vector Regression.

All of the above loss functions can be regarded as an upper bound on the misclassification error (Zero-one loss) as
shown in the Figure below.
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Decision function f(x)

Popular choices for the regularization term R include:
« L2 norm: R(w) := 13" | w?,
* L1 norm: R(w) := >, |w;|, which leads to sparse solutions.
* Elastic Net: R(w) := £3" ; w? + (1 — p) > |w;l, a convex combination of L2 and L1, where p is given
byl - 11_ratio.

The Figure below shows the contours of the different regularization terms in the parameter space when R(w) = 1.
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SGD

Stochastic gradient descent is an optimization method for unconstrained optimization problems. In contrast to (batch)
gradient descent, SGD approximates the true gradient of E(w, b) by considering a single training example at a time.
The class SGDClassifier implements a first-order SGD learning routine. The algorithm iterates over the training
examples and for each example updates the model parameters according to the update rule given by

ow ow

w <+ w—n(a
where 7 is the learning rate which controls the step-size in the parameter space. The intercept b is updated similarly
but without regularization.

The learning rate 7 can be either constant or gradually decaying. For classification, the default learning rate schedule
(learning_rate='optimal’)is given by

1

w__ L
T At + 1)

where t is the time step (there are a total of n_samples * n_iter time steps), to is determined based on a heuristic
proposed by Léon Bottou such that the expected initial updates are comparable with the expected size of the weights
(this assuming that the norm of the training samples is approx. 1). The exact definition can be found in _init_t in
BaseSGD.

For regression the default learning rate schedule is inverse scaling (Learning_rate=’invscaling’), given by

(t) — _¢tao
= tpower_t

where etag and power_t are hyperparameters chosen by the user via eta0 and power_t, resp.

For a constant learning rate use learning_rate=’ constant’ and use eta0 to specify the learning rate.

The model parameters can be accessed through the members coef_ and intercept_:
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e Member coef_ holds the weights w

¢ Member intercept_ holds b

References:

* “Solving large scale linear prediction problems using stochastic gradient descent algorithms” T. Zhang -
In Proceedings of ICML ‘04.

» “Regularization and variable selection via the elastic net” H. Zou, T. Hastie - Journal of the Royal Statis-
tical Society Series B, 67 (2), 301-320.

* “Towards Optimal One Pass Large Scale Learning with Averaged Stochastic Gradient Descent” Xu, Wei

4.5.7 Implementation details

The implementation of SGD is influenced by the Stochastic Gradient SVM of Léon Bottou. Similar to SvmSGD,
the weight vector is represented as the product of a scalar and a vector which allows an efficient weight update in
the case of L2 regularization. In the case of sparse feature vectors, the intercept is updated with a smaller learning
rate (multiplied by 0.01) to account for the fact that it is updated more frequently. Training examples are picked up
sequentially and the learning rate is lowered after each observed example. We adopted the learning rate schedule from
Shalev-Shwartz et al. 2007. For multi-class classification, a “one versus all” approach is used. We use the truncated
gradient algorithm proposed by Tsuruoka et al. 2009 for L1 regularization (and the Elastic Net). The code is written
in Cython.

References:

e “Stochastic Gradient Descent” L. Bottou - Website, 2010.

* “The Tradeoffs of Large Scale Machine Learning” L. Bottou - Website, 2011.

* “Pegasos: Primal estimated sub-gradient solver for svm” S. Shalev-Shwartz, Y. Singer, N. Srebro - In
Proceedings of ICML ‘07.

* “Stochastic gradient descent training for 11-regularized log-linear models with cumulative penalty” Y.
Tsuruoka, J. Tsujii, S. Ananiadou - In Proceedings of the AFNLP/ACL “09.

4.6 Nearest Neighbors

sklearn.neighbors provides functionality for unsupervised and supervised neighbors-based learning methods.
Unsupervised nearest neighbors is the foundation of many other learning methods, notably manifold learning and
spectral clustering. Supervised neighbors-based learning comes in two flavors: classification for data with discrete
labels, and regression for data with continuous labels.

The principle behind nearest neighbor methods is to find a predefined number of training samples closest in distance
to the new point, and predict the label from these. The number of samples can be a user-defined constant (k-nearest
neighbor learning), or vary based on the local density of points (radius-based neighbor learning). The distance can,
in general, be any metric measure: standard Euclidean distance is the most common choice. Neighbors-based meth-
ods are known as non-generalizing machine learning methods, since they simply “remember” all of its training data
(possibly transformed into a fast indexing structure such as a Ball Tree or KD Tree.).

Despite its simplicity, nearest neighbors has been successful in a large number of classification and regression prob-
lems, including handwritten digits or satellite image scenes. Being a non-parametric method, it is often successful in
classification situations where the decision boundary is very irregular.
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The classes in sklearn.neighbors can handle either Numpy arrays or scipy.sparse matrices as input. For dense
matrices, a large number of possible distance metrics are supported. For sparse matrices, arbitrary Minkowski metrics
are supported for searches.

There are many learning routines which rely on nearest neighbors at their core. One example is kernel density estima-
tion, discussed in the density estimation section.

4.6.1 Unsupervised Nearest Neighbors

NearestNeighbors implements unsupervised nearest neighbors learning. It acts as a uniform interface to three
different nearest neighbors algorithms: BallTree, KDTree, and a brute-force algorithm based on routines in
sklearn.metrics.pairwise. The choice of neighbors search algorithm is controlled through the keyword
"algorithm’, which must be one of [ auto’, ’'ball_tree’, ’'kd_tree’, ’'brute’]. When the de-
fault value " auto’ is passed, the algorithm attempts to determine the best approach from the training data. For a
discussion of the strengths and weaknesses of each option, see Nearest Neighbor Algorithms.

Warning: Regarding the Nearest Neighbors algorithms, if two neighbors, neighbor k£ + 1 and &, have
identical distances but different labels, the results will depend on the ordering of the training data.

Finding the Nearest Neighbors

For the simple task of finding the nearest neighbors between two sets of data, the unsupervised algorithms within
sklearn.neighbors can be used:

>>> from sklearn.neighbors import NearestNeighbors
>>> import numpy as np

>>> X = np'array([[ilr 711! [721 71]! [731 72]/ [17 l]/ [21 11! [31 2]])
>>> nbrs = NearestNeighbors (n_neighbors=2, algorithm='ball tree').fit (X)

>>> distances, indices = nbrs.kneighbors (X)
>>> indices
array ([[0, 17,
[1, 01,
[2, 11,
[3, 41,
[4, 31,
[5, 411...)
>>> distances
array ([[ O. , 1. 1,
[ O. , 1. 1,
[ O. , 1.414213567,
[ O. , 1. 1,
[ O. , 1. 1,
[ O. , 1.41421356]11)

Because the query set matches the training set, the nearest neighbor of each point is the point itself, at a distance of
Zero.

It is also possible to efficiently produce a sparse graph showing the connections between neighboring points:

>>> nbrs.kneighbors_graph (X) .toarray ()

array ([[ 1., 1., 0., 0., 0., 0.1,
[ 1., , 0., 0., 0., 0.1,
ro., 1., 1., 0., 0., 0.1,
r o., 0., 0., 1., 1., 0.1,
ro., 0., 0., 1., 1., 0.1,
r o., 0., 0., 0., 1. 1.11)
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Our dataset is structured such that points nearby in index order are nearby in parameter space, leading to
an approximately block-diagonal matrix of K-nearest neighbors. Such a sparse graph is useful in a vari-
ety of circumstances which make use of spatial relationships between points for unsupervised learning: in
particular, see sklearn.manifold.Isomap, sklearn.manifold.LocallyLinearEmbedding, and
sklearn.cluster.SpectralClustering.

KDTree and BallTree Classes

Alternatively, one can use the KDTree or BallTree classes directly to find nearest neighbors. This is the function-
ality wrapped by the NearestNeighbors class used above. The Ball Tree and KD Tree have the same interface;
we’ll show an example of using the KD Tree here:

>>> from sklearn.neighbors import KDTree
>>> import numpy as np
>>> X = np.array([[—l, _lJI [_21 _l]r [_31 _2]1 [lr l]/ [21 lJI [31 2]])

>>> kdt = KDTree (X, leaf_size=30, metric='euclidean')
>>> kdt.query (X, k=2, return_distance=False)
array ([[0, 17,

(1, 01,

[2, 11,

[3, 41,

(4, 31,

[5, 411...)

14

Refer to the KDTree and Ba1llTree class documentation for more information on the options available for neighbors
searches, including specification of query strategies, of various distance metrics, etc. For a list of available metrics,
see the documentation of the DistanceMetric class.

4.6.2 Nearest Neighbors Classification

Neighbors-based classification is a type of instance-based learning or non-generalizing learning: it does not attempt
to construct a general internal model, but simply stores instances of the training data. Classification is computed from
a simple majority vote of the nearest neighbors of each point: a query point is assigned the data class which has the
most representatives within the nearest neighbors of the point.

scikit-learn implements two different nearest neighbors classifiers: KNeighborsClassifier implements learn-
ing based on the k nearest neighbors of each query point, where k is an integer value specified by the user.
RadiusNeighborsClassifier implements learning based on the number of neighbors within a fixed radius
r of each training point, where 7 is a floating-point value specified by the user.

The k-neighbors classification in KNeighborsClassifier is the more commonly used of the two techniques.
The optimal choice of the value k is highly data-dependent: in general a larger k suppresses the effects of noise, but
makes the classification boundaries less distinct.

In cases where the data is not uniformly sampled, radius-based neighbors classification in
RadiusNeighborsClassifier can be a better choice. The user specifies a fixed radius r, such that
points in sparser neighborhoods use fewer nearest neighbors for the classification. For high-dimensional parameter
spaces, this method becomes less effective due to the so-called “curse of dimensionality”.

The basic nearest neighbors classification uses uniform weights: that is, the value assigned to a query point is computed
from a simple majority vote of the nearest neighbors. Under some circumstances, it is better to weight the neighbors
such that nearer neighbors contribute more to the fit. This can be accomplished through the weight s keyword. The
default value, weights = ‘uniform’, assigns uniform weights to each neighbor. weights = ’distance’
assigns weights proportional to the inverse of the distance from the query point. Alternatively, a user-defined function
of the distance can be supplied which is used to compute the weights.
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3-Class classification (k = 15, weights = 'uniform’)
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Examples:

* Nearest Neighbors Classification: an example of classification using nearest neighbors.

4.6.3 Nearest Neighbors Regression

Neighbors-based regression can be used in cases where the data labels are continuous rather than discrete variables.
The label assigned to a query point is computed based the mean of the labels of its nearest neighbors.

scikit-learn implements two different neighbors regressors: KNeighborsRegressor implements learning
based on the k nearest neighbors of each query point, where k is an integer value specified by the user.
RadiusNeighborsRegressor implements learning based on the neighbors within a fixed radius r of the query
point, where r is a floating-point value specified by the user.

The basic nearest neighbors regression uses uniform weights: that is, each point in the local neighborhood contributes
uniformly to the classification of a query point. Under some circumstances, it can be advantageous to weight points
such that nearby points contribute more to the regression than faraway points. This can be accomplished through the
weights keyword. The default value, weights = ’“uniform’, assigns equal weights to all points. weights
= ’distance’ assigns weights proportional to the inverse of the distance from the query point. Alternatively, a
user-defined function of the distance can be supplied, which will be used to compute the weights.

The use of multi-output nearest neighbors for regression is demonstrated in Face completion with a multi-output
estimators. In this example, the inputs X are the pixels of the upper half of faces and the outputs Y are the pixels of
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KNeighborsRegressor (k = 5, weights = 'uniform')
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the lower half of those faces.

Examples:

* Nearest Neighbors regression: an example of regression using nearest neighbors.
» Face completion with a multi-output estimators: an example of multi-output regression using nearest
neighbors.

4.6.4 Nearest Neighbor Algorithms

Brute Force

Fast computation of nearest neighbors is an active area of research in machine learning. The most naive neighbor
search implementation involves the brute-force computation of distances between all pairs of points in the dataset:
for N samples in D dimensions, this approach scales as O[DN?]. Efficient brute-force neighbors searches can
be very competitive for small data samples. However, as the number of samples N grows, the brute-force ap-
proach quickly becomes infeasible. In the classes within sklearn.neighbors, brute-force neighbors searches
are specified using the keyword algorithm = ’brute’, and are computed using the routines available in
sklearn.metrics.pairwise.

K-D Tree

To address the computational inefficiencies of the brute-force approach, a variety of tree-based data structures have
been invented. In general, these structures attempt to reduce the required number of distance calculations by efficiently
encoding aggregate distance information for the sample. The basic idea is that if point A is very distant from point
B, and point B is very close to point C, then we know that points A and C' are very distant, without having to
explicitly calculate their distance. In this way, the computational cost of a nearest neighbors search can be reduced to
O[DN log(N)] or better. This is a significant improvement over brute-force for large N.
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An early approach to taking advantage of this aggregate information was the KD tree data structure (short for K-
dimensional tree), which generalizes two-dimensional Quad-trees and 3-dimensional Oct-trees to an arbitrary number
of dimensions. The KD tree is a binary tree structure which recursively partitions the parameter space along the data
axes, dividing it into nested orthotopic regions into which data points are filed. The construction of a KD tree is very
fast: because partitioning is performed only along the data axes, no D-dimensional distances need to be computed.
Once constructed, the nearest neighbor of a query point can be determined with only O[log(N)] distance computations.
Though the KD tree approach is very fast for low-dimensional (D < 20) neighbors searches, it becomes inefficient
as D grows very large: this is one manifestation of the so-called “curse of dimensionality”. In scikit-learn, KD tree
neighbors searches are specified using the keyword algorithm = ’kd_tree’, and are computed using the class
KDTree.

References:

* “Multidimensional binary search trees used for associative searching”, Bentley, J.L., Communications of
the ACM (1975)

Ball Tree

To address the inefficiencies of KD Trees in higher dimensions, the ball tree data structure was developed. Where
KD trees partition data along Cartesian axes, ball trees partition data in a series of nesting hyper-spheres. This makes
tree construction more costly than that of the KD tree, but results in a data structure which can be very efficient on
highly-structured data, even in very high dimensions.

A ball tree recursively divides the data into nodes defined by a centroid C' and radius r, such that each point in the
node lies within the hyper-sphere defined by  and C. The number of candidate points for a neighbor search is reduced
through use of the triangle inequality:

|z +y| < |z|+ [yl

With this setup, a single distance calculation between a test point and the centroid is sufficient to determine a lower
and upper bound on the distance to all points within the node. Because of the spherical geometry of the ball tree nodes,
it can out-perform a KD-tree in high dimensions, though the actual performance is highly dependent on the structure
of the training data. In scikit-learn, ball-tree-based neighbors searches are specified using the keyword algorithm
= 'ball_tree’, and are computed using the class sklearn.neighbors.BallTree. Alternatively, the user
can work with the Bal1lTree class directly.

References:

* “Five balltree construction algorithms”, Omohundro, S.M., International Computer Science Institute Tech-
nical Report (1989)

Choice of Nearest Neighbors Algorithm

The optimal algorithm for a given dataset is a complicated choice, and depends on a number of factors:
* number of samples IV (i.e. n_samples) and dimensionality D (i.e. n_features).
— Brute force query time grows as O[DN]
— Ball tree query time grows as approximately O[D log(N)]

— KD tree query time changes with D in a way that is difficult to precisely characterise. For small D (less
than 20 or so) the cost is approximately O[D log(N)], and the KD tree query can be very efficient. For

90 Chapter 4. Supervised learning


http://dl.acm.org/citation.cfm?doid=361002.361007
http://citeseer.ist.psu.edu/viewdoc/summary?doi=10.1.1.91.8209

scikit-learn user guide, Release 0.16.1

larger D, the cost increases to nearly O[ DN, and the overhead due to the tree structure can lead to queries
which are slower than brute force.

For small data sets (IV less than 30 or so), log(NV) is comparable to NV, and brute force algorithms can be more
efficient than a tree-based approach. Both KDTree and BallTree address this through providing a leaf size
parameter: this controls the number of samples at which a query switches to brute-force. This allows both
algorithms to approach the efficiency of a brute-force computation for small N.

* data structure: intrinsic dimensionality of the data and/or sparsity of the data. Intrinsic dimensionality refers
to the dimension d < D of a manifold on which the data lies, which can be linearly or non-linearly embedded
in the parameter space. Sparsity refers to the degree to which the data fills the parameter space (this is to be
distinguished from the concept as used in “sparse” matrices. The data matrix may have no zero entries, but the
structure can still be “sparse” in this sense).

— Brute force query time is unchanged by data structure.

— Ball tree and KD tree query times can be greatly influenced by data structure. In general, sparser data with a
smaller intrinsic dimensionality leads to faster query times. Because the KD tree internal representation is
aligned with the parameter axes, it will not generally show as much improvement as ball tree for arbitrarily
structured data.

Datasets used in machine learning tend to be very structured, and are very well-suited for tree-based queries.
* number of neighbors & requested for a query point.
— Brute force query time is largely unaffected by the value of &

— Ball tree and KD tree query time will become slower as k increases. This is due to two effects: first, a
larger k leads to the necessity to search a larger portion of the parameter space. Second, using & > 1
requires internal queueing of results as the tree is traversed.

As k becomes large compared to N, the ability to prune branches in a tree-based query is reduced. In this
situation, Brute force queries can be more efficient.

* number of query points. Both the ball tree and the KD Tree require a construction phase. The cost of this
construction becomes negligible when amortized over many queries. If only a small number of queries will
be performed, however, the construction can make up a significant fraction of the total cost. If very few query
points will be required, brute force is better than a tree-based method.

Currently, algorithm = ’auto’ selects 'kd_tree’ if kK < N/2 and the 'effective_metric_’
is in the ’VALID_METRICS’ list of 'kd_tree’. It selects 'ball_tree’ if ¥k < N/2 and the
'effective_metric_’ is notin the ' VALID_METRICS’ list of 'kd_tree’. It selects 'brute’ if £k >=
N/2. This choice is based on the assumption that the number of query points is at least the same order as the number
of training points, and that Lleaf_size is close to its default value of 30.

Effect of 1leaf size

As noted above, for small sample sizes a brute force search can be more efficient than a tree-based query. This fact is
accounted for in the ball tree and KD tree by internally switching to brute force searches within leaf nodes. The level
of this switch can be specified with the parameter 1eaf_size. This parameter choice has many effects:

construction time A larger 1eaf_size leads to a faster tree construction time, because fewer nodes need to be
created

query time Both a large or small leaf_size can lead to suboptimal query cost. For leaf_size approaching
1, the overhead involved in traversing nodes can significantly slow query times. For leaf_size approach-
ing the size of the training set, queries become essentially brute force. A good compromise between these is
leaf_size = 30, the default value of the parameter.
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memory As leaf_size increases, the memory required to store a tree structure decreases. This is especially
important in the case of ball tree, which stores a D-dimensional centroid for each node. The required storage
space for BallTree is approximately 1 / leaf_size times the size of the training set.

leaf_size is not referenced for brute force queries.

4.6.5 Nearest Centroid Classifier

The NearestCentroid classifier is a simple algorithm that represents each class by the centroid of its members. In
effect, this makes it similar to the label updating phase of the sklearn.KMeans algorithm. It also has no parameters
to choose, making it a good baseline classifier. It does, however, suffer on non-convex classes, as well as when classes
have drastically different variances, as equal variance in all dimensions is assumed. See Linear Discriminant Analysis
(sklearn.lda.LDA)and Quadratic Discriminant Analysis (sklearn.gda.QDA) for more complex methods that
do not make this assumption. Usage of the default NearestCentroid is simple:

>>> from sklearn.neighbors.nearest_centroid import NearestCentroid

>>> import numpy as np

>>> X = np.array([([-1, -11, [-2, -11, [-3, -21, [, 11, (2, 11, [3, 211)
>>> y = np.array([1l, 1, 1, 2, 2, 21)

>>> clf = NearestCentroid()

>>> clf.fit (X, vy)

NearestCentroid (metric='euclidean', shrink_threshold=None)

>>> print (clf.predict ([[-0.8, -111))

[1]

Nearest Shrunken Centroid

The NearestCentroid classifier has a shrink_threshold parameter, which implements the nearest shrunken
centroid classifier. In effect, the value of each feature for each centroid is divided by the within-class variance of that
feature. The feature values are then reduced by shrink_threshold. Most notably, if a particular feature value
crosses zero, it is set to zero. In effect, this removes the feature from affecting the classification. This is useful, for
example, for removing noisy features.

In the example below, using a small shrink threshold increases the accuracy of the model from 0.81 to 0.82.

3-Class classification (shrink_threshold=None)
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3-Class classification (shrink_threshold=0.1)

Examples:

* Nearest Centroid Classification: an example of classification using nearest centroid with different shrink
thresholds.

4.6.6 Approximate Nearest Neighbors

There are many efficient exact nearest neighbor search algorithms for low dimensions d (approximately 50). However
these algorithms perform poorly with respect to space and query time when d increases. These algorithms are not any
better than comparing query point to each point from the database in a high dimension (see Brute Force). This is a
well-known consequence of the phenomenon called “The Curse of Dimensionality”.

There are certain applications where we do not need the exact nearest neighbors but having a “good guess” would
suffice. When answers do not have to be exact, the LSHForest class implements an approximate nearest neigh-
bor search. Approximate nearest neighbor search methods have been designed to try to speedup query time with
high dimensional data. These techniques are useful when the aim is to characterize the neighborhood rather than
identifying the exact neighbors themselves (eg: k-nearest neighbors classification and regression). Some of the most
popular approximate nearest neighbor search techniques are locality sensitive hashing, best bin fit and balanced box-
decomposition tree based search.

Locality Sensitive Hashing Forest

The vanilla implementation of locality sensitive hashing has a hyper-parameter that is hard to tune in practice, therefore
scikit-learn implements a variant called LSHForest that has more reasonable hyperparameters. Both methods use
internally random hyperplanes to index the samples into buckets and actual cosine similarities are only computed
for samples that collide with the query hence achieving sublinear scaling. (see Mathematical description of Locality
Sensitive Hashing).

LSHForest has two main hyper-parameters: n_estimators and n_candidates. The accuracy of queries can

be controlled using these parameters as demonstrated in the following plots:

As arule of thumb, a user can set n_estimators to a large enough value (e.g. between 10 and 50) and then adjust
n_candidates to trade off accuracy for query time.

For small data sets, the brute force method for exact nearest neighbor search can be faster than LSH Forest. However
LSH Forest has a sub-linear query time scalability with the index size. The exact break even point where LSH
Forest queries become faster than brute force depends on the dimensionality, structure of the dataset, required level
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of precision, characteristics of the runtime environment such as availability of BLAS optimizations, number of CPU
cores and size of the CPU caches. Following graphs depict scalability of LSHForest queries with index size.

Irg;asct of index size on response time for first nearest neighbors queries
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For fixed LSHForest parameters, the accuracy of queries tends to slowly decrease with larger datasets. The error
bars on the previous plots represent standard deviation across different queries.

Examples:

* Hyper-parameters of Approximate Nearest Neighbors: an example of the behavior of hyperparameters of
approximate nearest neighbor search using LSH Forest.

» Scalability of Approximate Nearest Neighbors: an example of scalability of approximate nearest neighbor
search using LSH Forest.

Mathematical description of Locality Sensitive Hashing

Locality sensitive hashing (LSH) techniques have been used in many areas where nearest neighbor search is performed
in high dimensions. The main concept behind LSH is to hash each data point in the database using multiple (often
simple) hash functions to form a digest (also called a hash). At this point the probability of collision - where two
objects have similar digests - is much higher for the points which are close to each other than that of the distant points.
We describe the requirements for a hash function family to be locality sensitive as follows.
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A family H of functions from a domain S to a range U is called (r, e, p1, p2)-sensitive, with r,e > 0, p1 > py > 0, if
for any p, ¢ € S, the following conditions hold (D is the distance function):

o If D(p,q) <= r then Py[h(p) = h(q)] >= p1,
» If D(p, q) > r(1 + e) then Py[h(p) = h(q)] <= pa.

As defined, nearby points within a distance of 7 to each other are likely to collide with probability p;. In contrast,
distant points which are located with the distance more than (1 + e) have a small probability of py of collision.
Suppose there is a family of LSH function H. An LSH index is built as follows:

1. Choose k functions hi, ha, ... hj uniformly at random (with replacement) from H. For any p € .5, place p in
the bucket with label g(p) = (h1(p), h2(p), ... hi(p)). Observe that if each h; outputs one “digit”, each bucket
has a k-digit label.

2. Independently perform step 1 [ times to construct [ separate estimators, with hash functions g1, g2, . . . g;-

The reason to concatenate hash functions in the step 1 is to decrease the probability of the collision of distant points
as much as possible. The probability drops from p, to p§ which is negligibly small for large k. The choice of k is
strongly dependent on the data set size and structure and is therefore hard to tune in practice. There is a side effect of
having a large k; it has the potential of decreasing the chance of nearby points getting collided. To address this issue,
multiple estimators are constructed in step 2.

The requirement to tune k& for a given dataset makes classical LSH cumbersome to use in practice. The LSH Forest
variant has benn designed to alleviate this requirement by automatically adjusting the number of digits used to hash
the samples.

LSH Forest is formulated with prefix trees with each leaf of a tree corresponding to an actual data point in the database.
There are [ such trees which compose the forest and they are constructed using independently drawn random sequence
of hash functions from H. In this implementation, “Random Projections” is being used as the LSH technique which is
an approximation for the cosine distance. The length of the sequence of hash functions is kept fixed at 32. Moreover,
a prefix tree is implemented using sorted arrays and binary search.

There are two phases of tree traversals used in order to answer a query to find the m nearest neighbors of a point
q. First, a top-down traversal is performed using a binary search to identify the leaf having the longest prefix match
(maximum depth) with ¢‘s label after subjecting ¢ to the same hash functions. M >> m points (total candidates)
are extracted from the forest, moving up from the previously found maximum depth towards the root synchronously
across all trees in the bottom-up traversal. M is set to ¢l where c, the number of candidates extracted from each tree,
is a constant. Finally, the similarity of each of these M points against point ¢ is calculated and the top m points are
returned as the nearest neighbors of ¢q. Since most of the time in these queries is spent calculating the distances to
candidates, the speedup compared to brute force search is approximately N/M, where N is the number of points in
database.
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References:

* “Near-Optimal Hashing Algorithms for Approximate Nearest Neighbor in High Dimensions”, Alexandr,
A., Indyk, P., Foundations of Computer Science, 2006. FOCS ‘06. 47th Annual IEEE Symposium

* “LSH Forest: Self-Tuning Indexes for Similarity Search”, Bawa, M., Condie, T., Ganesan, P., WWW ‘05
Proceedings of the 14th international conference on World Wide Web Pages 651-660

4.7 Gaussian Processes

Gaussian Processes for Machine Learning (GPML) is a generic supervised learning method primarily designed to
solve regression problems. It has also been extended to probabilistic classification, but in the present implementation,
this is only a post-processing of the regression exercise.

The advantages of Gaussian Processes for Machine Learning are:
* The prediction interpolates the observations (at least for regular correlation models).

» The prediction is probabilistic (Gaussian) so that one can compute empirical confidence intervals and ex-
ceedance probabilities that might be used to refit (online fitting, adaptive fitting) the prediction in some region
of interest.

 Versatile: different linear regression models and correlation models can be specified. Common models are
provided, but it is also possible to specify custom models provided they are stationary.

The disadvantages of Gaussian Processes for Machine Learning include:
* Itis not sparse. It uses the whole samples/features information to perform the prediction.

* It loses efficiency in high dimensional spaces — namely when the number of features exceeds a few dozens. It
might indeed give poor performance and it loses computational efficiency.

¢ Classification is only a post-processing, meaning that one first need to solve a regression problem by providing
the complete scalar float precision output y of the experiment one attempt to model.

Thanks to the Gaussian property of the prediction, it has been given varied applications: e.g. for global optimization,
probabilistic classification.

4.7.1 Examples
An introductory regression example

Say we want to surrogate the function g(x) = x sin(z). To do so, the function is evaluated onto a design of experi-
ments. Then, we define a GaussianProcess model whose regression and correlation models might be specified using
additional kwargs, and ask for the model to be fitted to the data. Depending on the number of parameters provided at
instantiation, the fitting procedure may recourse to maximum likelihood estimation for the parameters or alternatively
it uses the given parameters.

>>> import numpy as np

>>> from sklearn import gaussian_process

>>> def f(x):

C. return x * np.sin(x)

>>> X = np.atleast_2d([1l., 3., 5., 6., 7., 8.]1).T

>>> y = f(X).ravel()

>>> x = np.atleast_2d(np.linspace (0, 10, 1000)).T

>>> gp = gaussian_process.GaussianProcess (thetal=1e-2, thetal=1e-4, thetaU=le-1)
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>>> gp.fit (X, vy)

GaussianProcess (beta0O=None, corr=<function squared_exponential at O0x...>,
normalize=True, nugget=array(2.22...-15),
optimizer="'fmin_cobyla', random_start=1, random_state=...
regr=<function constant at 0x...>, storage_mode='full',
thetalO=array ([[ 0.01]1]), thetalL=array([[ 0.0001]11),
thetaU=array([[ 0.1]]), verbose=False)

>>> y_pred, sigma2_pred = gp.predict (x, eval_MSE=True)

Fitting Noisy Data

When the data to be fit includes noise, the Gaussian process model can be used by specifying the variance of the noise
for each point. GaussianProcess takes a parameter nugget which is added to the diagonal of the correlation
matrix between training points: in general this is a type of Tikhonov regularization. In the special case of a squared-
exponential correlation function, this normalization is equivalent to specifying a fractional variance in the input. That
is
2
0
nugget, = [—}
Yi

With nugget and corr properly set, Gaussian Processes can be used to robustly recover an underlying function
from noisy data:

20 I T T T
flz)==z sin(z)
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Other examples

* Gaussian Processes classification example: exploiting the probabilistic output

4.7.2 Mathematical formulation

The initial assumption

Suppose one wants to model the output of a computer experiment, say a mathematical function:

g :Rnfeatures — R
Xy =g(X)

GPML starts with the assumption that this function is a conditional sample path of a Gaussian process G which is
additionally assumed to read as follows:

G(X) = f(X)"B+ Z(X)

where f(X)T 3 is a linear regression model and Z(X) is a zero-mean Gaussian process with a fully stationary covari-
ance function:

C(X,X")=0*R(|X — X))

o? being its variance and R being the correlation function which solely depends on the absolute relative distance
between each sample, possibly featurewise (this is the stationarity assumption).

From this basic formulation, note that GPML is nothing but an extension of a basic least squares linear regression
problem:

9(X) = f(X)"B

Except we additionally assume some spatial coherence (correlation) between the samples dictated by the correlation
function. Indeed, ordinary least squares assumes the correlation model R(]X — X'|) is one when X = X’ and zero
otherwise : a dirac correlation model — sometimes referred to as a nugget correlation model in the kriging literature.

The best linear unbiased prediction (BLUP)

We now derive the best linear unbiased prediction of the sample path g conditioned on the observations:

G(X) = G(X]y1 = 9(X1), s Unsampres = 9 Xnaimpres))
It is derived from its given properties:

e It is linear (a linear combination of the observations)

¢ It is unbiased

e Itis the best (in the Mean Squared Error sense)
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G(X)" = arg g(lgl) E[(G(X) — G(X))?]

So that the optimal weight vector a(X) is solution of the following equality constrained optimization problem:
a(X)" = arg min E[(G(X) ~ a(X)"y)’)

s.t. E[G(X) —a(X)Ty] =0

Rewriting this constrained optimization problem in the form of a Lagrangian and looking further for the first order
optimality conditions to be satisfied, one ends up with a closed form expression for the sought predictor — see references
for the complete proof.

In the end, the BLUP is shown to be a Gaussian random variate with mean:
py (X) = FOOT B+ r(X)
and variance:
2(X)=02 1 —r(X)T R r(X) +u(X)T (FT R F) ' u(X))
where we have introduced:

* the correlation matrix whose terms are defined wrt the autocorrelation function and its built-in parameters 6:

Rij = R(‘XZ - Xj|70)a i, j=1,..,m

* the vector of cross-correlations between the point where the prediction is made and the points in the DOE:

ri = R(|X - Xi|,9), ¢ = 1, ey

* the regression matrix (eg the Vandermonde matrix if f is a polynomial basis):

F ;= fi(Xj), 1=1,.,p,7=1,....m

* the generalized least square regression weights:

B=(FTR'F)'FTR 'Y
¢ and the vectors:

Y=R7'(Y - Fp)
u(X)=FT R r(X) - f(X)

It is important to notice that the probabilistic response of a Gaussian Process predictor is fully analytic and mostly relies
on basic linear algebra operations. More precisely the mean prediction is the sum of two simple linear combinations
(dot products), and the variance requires two matrix inversions, but the correlation matrix can be decomposed only
once using a Cholesky decomposition algorithm.

The empirical best linear unbiased predictor (EBLUP)

Until now, both the autocorrelation and regression models were assumed given. In practice however they are never
known in advance so that one has to make (motivated) empirical choices for these models Correlation Models.

Provided these choices are made, one should estimate the remaining unknown parameters involved in the BLUP. To
do so, one uses the set of provided observations in conjunction with some inference technique. The present implemen-
tation, which is based on the DACE’s Matlab toolbox uses the maximum likelihood estimation technique — see DACE
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manual in references for the complete equations. This maximum likelihood estimation problem is turned into a global
optimization problem onto the autocorrelation parameters. In the present implementation, this global optimization is
solved by means of the fmin_cobyla optimization function from scipy.optimize. In the case of anisotropy however, we
provide an implementation of Welch’s componentwise optimization algorithm — see references.

For a more comprehensive description of the theoretical aspects of Gaussian Processes for Machine Learning, please
refer to the references below:

References:

* DACE, A Matlab Kriging Toolbox S Lophaven, HB Nielsen, J Sondergaard 2002

* Screening, predicting, and computer experiments WJ Welch, RJ Buck, J Sacks, HP Wynn, TJ Mitchell,
and MD Morris Technometrics 34(1) 15-25, 1992

* Gaussian Processes for Machine Learning CE Rasmussen, CKI Williams MIT Press, 2006 (Ed. T Diet-
trich)

* The design and analysis of computer experiments TJ Santner, BJ Williams, W Notz Springer, 2003

4.7.3 Correlation Models

Common correlation models matches some famous SVM’s kernels because they are mostly built on equivalent as-
sumptions. They must fulfill Mercer’s conditions and should additionally remain stationary. Note however, that the
choice of the correlation model should be made in agreement with the known properties of the original experiment
from which the observations come. For instance:

* If the original experiment is known to be infinitely differentiable (smooth), then one should use the squared-
exponential correlation model.

* If it’s not, then one should rather use the exponential correlation model.

* Note also that there exists a correlation model that takes the degree of derivability as input: this is the Matern
correlation model, but it’s not implemented here (TODO).

For a more detailed discussion on the selection of appropriate correlation models, see the book by Rasmussen &
Williams in references.

4.7.4 Regression Models
Common linear regression models involve zero- (constant), first- and second-order polynomials. But one may specify
its own in the form of a Python function that takes the features X as input and that returns a vector containing the

values of the functional set. The only constraint is that the number of functions must not exceed the number of
available observations so that the underlying regression problem is not underdetermined.

4.7.5 Implementation details

The present implementation is based on a translation of the DACE Matlab toolbox.

References:

* DACE, A Matlab Kriging Toolbox S Lophaven, HB Nielsen, J Sondergaard 2002,
* W.J. Welch, R.J. Buck, J. Sacks, H.P. Wynn, T.J. Mitchell, and M.D. Morris (1992). Screening, predicting,
and computer experiments. Technometrics, 34(1) 15-25.
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4.8 Cross decomposition

The cross decomposition module contains two main families of algorithms: the partial least squares (PLS) and the
canonical correlation analysis (CCA).

These families of algorithms are useful to find linear relations between two multivariate datasets: the X and Y argu-
ments of the £it method are 2D arrays.

Comp. 1: X vs Y (test corr = 0.72) X comp. 1 vs X comp. 2 (test corr = 0.03)

® @ frain
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Cross decomposition algorithms find the fundamental relations between two matrices (X and Y). They are latent
variable approaches to modeling the covariance structures in these two spaces. They will try to find the multidi-
mensional direction in the X space that explains the maximum multidimensional variance direction in the Y space.
PLS-regression is particularly suited when the matrix of predictors has more variables than observations, and when
there is multicollinearity among X values. By contrast, standard regression will fail in these cases.

Classes included in this module are PLSRegression PLSCanonical, CCA and PLSSVD

Reference:

* JA Wegelin A survey of Partial Least Squares (PLS) methods, with emphasis on the two-block case

Examples:

» Compare cross decomposition methods

4.9 Naive Bayes

Naive Bayes methods are a set of supervised learning algorithms based on applying Bayes’ theorem with the “naive”
assumption of independence between every pair of features. Given a class variable y and a dependent feature vector
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x1 through z,,, Bayes’ theorem states the following relationship:

P(y)P(z1,...2n | Y)
P(xla"'axn)

P<y | xla"'7xn) =
Using the naive independence assumption that
P(Ii|y7xl7 sy L1 Li1y - - - ,l’n) = P(zz‘y)7

for all ¢, this relationship is simplified to

P(y|z,...,2,) = P(gg(gli_'lf(z) y)

Since P(x1,...,x,) is constant given the input, we can use the following classification rule:

P(y|zy,...,zn) o< P(y) [T Plai | 9)
=1
U
g = argmax P(y) [ | P(x: | ),

=1

and we can use Maximum A Posteriori (MAP) estimation to estimate P(y) and P(z; | y); the former is then the
relative frequency of class y in the training set.

The different naive Bayes classifiers differ mainly by the assumptions they make regarding the distribution of P(z; |
Y)-

In spite of their apparently over-simplified assumptions, naive Bayes classifiers have worked quite well in many real-
world situations, famously document classification and spam filtering. They require a small amount of training data to
estimate the necessary parameters. (For theoretical reasons why naive Bayes works well, and on which types of data
it does, see the references below.)

Naive Bayes learners and classifiers can be extremely fast compared to more sophisticated methods. The decoupling
of the class conditional feature distributions means that each distribution can be independently estimated as a one
dimensional distribution. This in turn helps to alleviate problems stemming from the curse of dimensionality.

On the flip side, although naive Bayes is known as a decent classifier, it is known to be a bad estimator, so the
probability outputs from predict_proba are not to be taken too seriously.

References:

* H. Zhang (2004). The optimality of Naive Bayes. Proc. FLAIRS.

4.9.1 Gaussian Naive Bayes

GaussianNB implements the Gaussian Naive Bayes algorithm for classification. The likelihood of the features is
assumed to be Gaussian:

P(zi|y) =

1 i T M 2
exp <_ (z; /;J) )
\/ 2702 20y

The parameters o, and j,, are estimated using maximum likelihood.
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>>> from sklearn import datasets

>>> iris = datasets.load_iris()

>>> from sklearn.naive_bayes import GaussianNB

>>> gnb = GaussianNB ()

>>> y_pred = gnb.fit(iris.data, iris.target) .predict (iris.data)

>>> print ("Number of mislabeled points out of a total points : "
% (iris.data.shape[0], (iris.target != y_pred) .sum()))

Number of mislabeled points out of a total 150 points : 6

4.9.2 Multinomial Naive Bayes

MultinomialNB implements the naive Bayes algorithm for multinomially distributed data, and is one of the two
classic naive Bayes variants used in text classification (where the data are typically represented as word vector counts,
although tf-idf vectors are also known to work well in practice). The distribution is parametrized by vectors 6, =
(Oy1, ... ,0y,) for each class y, where n is the number of features (in text classification, the size of the vocabulary)
and 6, is the probability P(x; | y) of feature 7 appearing in a sample belonging to class y.

The parameters 0, is estimated by a smoothed version of maximum likelihood, i.e. relative frequency counting:

A Nyi + «
Oyi = ———

Ny +an
where N,; = erT
Ny Z‘ Ny; is the total count of all features for class y.

x; is the number of times feature ¢ appears in a sample of class y in the training set 7', and

The smoothing priors > 0 accounts for features not present in the learning samples and prevents zero probabilities
in further computations. Setting o = 1 is called Laplace smoothing, while o < 1 is called Lidstone smoothing.

4.9.3 Bernoulli Naive Bayes

BernoulliNB implements the naive Bayes training and classification algorithms for data that is distributed ac-
cording to multivariate Bernoulli distributions; i.e., there may be multiple features but each one is assumed to be a
binary-valued (Bernoulli, boolean) variable. Therefore, this class requires samples to be represented as binary-valued
feature vectors; if handed any other kind of data, a BernoulliNB instance may binarize its input (depending on the
binarize parameter).

The decision rule for Bernoulli naive Bayes is based on
Pla; | y) = P(i | y)zi + (1 — P | y)(1 — 2;)

which differs from multinomial NB’s rule in that it explicitly penalizes the non-occurrence of a feature ¢ that is an
indicator for class y, where the multinomial variant would simply ignore a non-occurring feature.

In the case of text classification, word occurrence vectors (rather than word count vectors) may be used to train and
use this classifier. Bernoul1iNB might perform better on some datasets, especially those with shorter documents.
It is advisable to evaluate both models, if time permits.

References:

* C.D. Manning, P. Raghavan and H. Schiitze (2008). Introduction to Information Retrieval. Cambridge
University Press, pp. 234-265.

* A. McCallum and K. Nigam (1998). A comparison of event models for Naive Bayes text classification.
Proc. AAAI/ICML-98 Workshop on Learning for Text Categorization, pp. 41-48.

* V. Metsis, I. Androutsopoulos and G. Paliouras (2006). Spam filtering with Naive Bayes — Which Naive
Bayes? 3rd Conf. on Email and Anti-Spam (CEAS).
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4.9.4 Out-of-core naive Bayes model fitting

Naive Bayes models can be used to tackle large scale classification problems for which the full training set might not fit
in memory. To handle this case, MultinomialNB, Bernoul 1iNB, and GaussianNB expose a partial_ fit
method that can be used incrementally as done with other classifiers as demonstrated in Out-of-core classification of
text documents. Both discrete classifiers support sample weighting; GaussianNB does not.

Contrary to the £ it method, the firstcall to partial_fit needs to be passed the list of all the expected class labels.
For an overview of available strategies in scikit-learn, see also the out-of-core learning documentation.

note:

The "~ “partial_fit'  method call of naive Bayes models introduces some
computational overhead. It is recommended to use data chunk sizes that are as
large as possible, that is as the available RAM allows.

4.10 Decision Trees

Decision Trees (DTs) are a non-parametric supervised learning method used for classification and regression. The
goal is to create a model that predicts the value of a target variable by learning simple decision rules inferred from the
data features.

For instance, in the example below, decision trees learn from data to approximate a sine curve with a set of if-then-else
decision rules. The deeper the tree, the more complex the decision rules and the fitter the model.

20 Decision Tree Regression

T
— max_depth=2
= max_depth=5
15} L] o0 data H

1.0+ o e, 8

0.0k * _

target

=05 1

=154 1

-2.0
-1 0 1 2 3 4 5 6

data

Some advantages of decision trees are:
 Simple to understand and to interpret. Trees can be visualised.

* Requires little data preparation. Other techniques often require data normalisation, dummy variables need to be
created and blank values to be removed. Note however that this module does not support missing values.
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The cost of using the tree (i.e., predicting data) is logarithmic in the number of data points used to train the tree.

Able to handle both numerical and categorical data. Other techniques are usually specialised in analysing
datasets that have only one type of variable. See algorithms for more information.

Able to handle multi-output problems.

Uses a white box model. If a given situation is observable in a model, the explanation for the condition is easily
explained by boolean logic. By contrast, in a black box model (e.g., in an artificial neural network), results may
be more difficult to interpret.

Possible to validate a model using statistical tests. That makes it possible to account for the reliability of the
model.

Performs well even if its assumptions are somewhat violated by the true model from which the data were
generated.

The disadvantages of decision trees include:

Decision-tree learners can create over-complex trees that do not generalise the data well. This is called overfit-
ting. Mechanisms such as pruning (not currently supported), setting the minimum number of samples required
at a leaf node or setting the maximum depth of the tree are necessary to avoid this problem.

Decision trees can be unstable because small variations in the data might result in a completely different tree
being generated. This problem is mitigated by using decision trees within an ensemble.

The problem of learning an optimal decision tree is known to be NP-complete under several aspects of optimality
and even for simple concepts. Consequently, practical decision-tree learning algorithms are based on heuristic
algorithms such as the greedy algorithm where locally optimal decisions are made at each node. Such algorithms
cannot guarantee to return the globally optimal decision tree. This can be mitigated by training multiple trees in
an ensemble learner, where the features and samples are randomly sampled with replacement.

There are concepts that are hard to learn because decision trees do not express them easily, such as XOR, parity
or multiplexer problems.

Decision tree learners create biased trees if some classes dominate. It is therefore recommended to balance the
dataset prior to fitting with the decision tree.

4.10.1 Classification

DecisionTreeClassifier isaclass capable of performing multi-class classification on a dataset.

As other classifiers, DecisionTreeClassifier take as input two arrays: an array X, sparse or dense,
of size [n_samples, n_features] holding the training samples, and an array Y of integer values, size
[n_samples], holding the class labels for the training samples:

>>>
>>>
>>>
>>>
>>>

from sklearn import tree

X = [[0, O], [1, 111
Y = [0, 1]
clf = tree.DecisionTreeClassifier ()

clf = clf.fit (X, Y)

After being fitted, the model can then be used to predict the class of samples:

>>> clf.predict([[2., 2.]1])
array ([1])

Alternatively, the probability of each class can be predicted, which is the fraction of training samples of the same class
in a leaf:
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>>> clf.predict_proba([[2., 2.]])
array ([[ 0., 1.11)

DecisionTreeClassifier is capable of both binary (where the labels are [-1, 1]) classification and multiclass
(where the labels are [0, ..., K-1]) classification.

Using the Iris dataset, we can construct a tree as follows:

>>> from sklearn.datasets import load_iris
>>> from sklearn import tree

>>> iris = load_iris()
>>> clf = tree.DecisionTreeClassifier ()
>>> clf = clf.fit(iris.data, iris.target)

Once trained, we can export the tree in Graphviz format using the export_graphviz exporter. Below is an example
export of a tree trained on the entire iris dataset:

>>> from sklearn.externals.six import StringIO
>>> with open("iris.dot", 'w') as f:
f = tree.export_graphviz(clf, out_file=f)

Then we can use Graphviz’s dot tool to create a PDF file (or any other supported file type): dot —-Tpdf iris.dot
-0 iris.pdf.

>>> import os
>>> os.unlink('iris.dot")

Alternatively, if we have Python module pydot installed, we can generate a PDF file (or any other supported file
type) directly in Python:

>>> from sklearn.externals.six import StringIO

>>> import pydot

>>> dot_data = StringIO()

>>> tree.export_graphviz (clf, out_file=dot_data)

>>> graph = pydot.graph_from_dot_data (dot_data.getvalue())
>>> graph.write_pdf ("iris.pdf")

petal length (cm) <= 2.45000004768
error = 0.666666686535

samples = 150
value = [ 50. 50. 50.]

petal width (cm) <= 1.75

petal length (cm) <= 4.94999980927
error = 0.168038412929

petal length (cm) <= 485000038147
error = 0.0425330810249
samples = 54
value =[ 0. 49. 5]

samples = 46
value=[ 0. 1. 45

petal width (cm) <= 1.65000000537
error = 0.040798611939
samples = 48
value =[ 0. 47. 1]

petal width (cm) <= 1.54999995232
error = 0.444444447756
samples = 6
value =[ 0. 2. 4.]

sepal length (cm) <= 5.94999980927
error = 0.444444447756
samples = 3
value =[ 0. 1. 2.]

error = 0.0
samples = 43
value =[ 0. 0. 43]

sepal length (cm) <= 6.94999980927
error = 0.444444447756
samples = 3
value = [ 0. 2. 1]

error = 0.0
samples = 47
value =[ 0. 47. 0.]

error = 0.0
samples = 1
value =[ 0. 1. 0.]

error = 0.0
samples =3
value = [ 0. 0. 3.]

error = 0.0
samples = 1
value =[0. 0. 1]

error = 0.0
samples = 2
value =[ 0. 0. 2.]

error = 0.0
samples = 2
value =[ 0. 2. 0.]

error = 0.0
samples = 1
value =[0. 0. 1.]

After being fitted, the model can then be used to predict the class of samples:

108 Chapter 4. Supervised learning


http://www.graphviz.org/

scikit-learn user guide, Release 0.16.1

>>> clf.predict(iris.datal[:1, :])
array ([0])

Alternatively, the probability of each class can be predicted, which is the fraction of training samples of the same class
in a leaf:

>>> clf.predict_proba(iris.datal:1, :1])
array ([[ 1., 0., 0.11)

Decision surface of a decision tree using paired features
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Examples:

* Plot the decision surface of a decision tree on the iris dataset

4.10.2 Regression

Decision trees can also be applied to regression problems, using the DecisionTreeRegressor class.

As in the classification setting, the fit method will take as argument arrays X and y, only that in this case y is expected
to have floating point values instead of integer values:

>>> from sklearn import tree

>>> X = [[0, 0], [2, 2]1]
>>> y = [0.5, 2.5]
>>> clf = tree.DecisionTreeRegressor ()

>>> clf = clf.fit (X, vy)
>>> clf.predict ([[1, 1]11)
array ([ 0.5])
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5.0 Decision Tree Regression
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Examples:

e Decision Tree Regression

4.10.3 Multi-output problems

A multi-output problem is a supervised learning problem with several outputs to predict, that is when Y is a 2d array
of size [n_samples, n_outputs].

When there is no correlation between the outputs, a very simple way to solve this kind of problem is to build n
independent models, i.e. one for each output, and then to use those models to independently predict each one of the
n outputs. However, because it is likely that the output values related to the same input are themselves correlated, an
often better way is to build a single model capable of predicting simultaneously all n outputs. First, it requires lower
training time since only a single estimator is built. Second, the generalization accuracy of the resulting estimator may
often be increased.

With regard to decision trees, this strategy can readily be used to support multi-output problems. This requires the
following changes:

* Store n output values in leaves, instead of 1;
» Use splitting criteria that compute the average reduction across all n outputs.

This module offers support for multi-output problems by implementing this strategy in both
DecisionTreeClassifier and DecisionTreeRegressor. If a decision tree is fit on an output ar-
ray Y of size [n_samples, n_outputs] then the resulting estimator will:

e Qutput n_output values upon predict;
* Qutput a list of n_output arrays of class probabilities upon predict_proba.

The use of multi-output trees for regression is demonstrated in Multi-output Decision Tree Regression. In this example,
the input X is a single real value and the outputs Y are the sine and cosine of X.
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Multi-output Decision Tree Regression
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The use of multi-output trees for classification is demonstrated in Face completion with a multi-output estimators. In
this example, the inputs X are the pixels of the upper half of faces and the outputs Y are the pixels of the lower half of
those faces.

Examples:

* Multi-output Decision Tree Regression
» Face completion with a multi-output estimators

References:

* M. Dumont et al, Fast multi-class image annotation with random subwindows and multiple output ran-
domized trees, International Conference on Computer Vision Theory and Applications 2009

4.10.4 Complexity

In general, the run time cost to construct a balanced binary tree is O(Ngamples™ features 108(Msamples)) and query
time O(log(nsamples)). Although the tree construction algorithm attempts to generate balanced trees, they will not
always be balanced. Assuming that the subtrees remain approximately balanced, the cost at each node consists of
searching through O(n features) to find the feature that offers the largest reduction in entropy. This has a cost of
O (N featuresMsamples 10&(Nsamples)) at each node, leading to a total cost over the entire trees (by summing the cost at
each node) of O(n featuresMaqmpies 108(Msamples))-

Scikit-learn offers a more efficient implementation for the construction of decision trees. A naive implementation
(as above) would recompute the class label histograms (for classification) or the means (for regression) at for each
new split point along a given feature. By presorting the feature over all relevant samples, and retaining a running
label count, we reduce the complexity at each node to O(n feqtures 10g(Msamples)), Which results in a total cost of
O(nfeaturesnsamples log(nsamples))-
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Face completion with multi-output estimators

K-nn

true faces Extra trees
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112 Chapter 4. Supervised learning



scikit-learn user guide, Release 0.16.1

4.10.5 Tips on practical use

* Decision trees tend to overfit on data with a large number of features. Getting the right ratio of samples to
number of features is important, since a tree with few samples in high dimensional space is very likely to
overfit.

* Consider performing dimensionality reduction (PCA, ICA, or Feature selection) beforehand to give your tree a
better chance of finding features that are discriminative.

* Visualise your tree as you are training by using the export function. Use max_depth=3 as an initial tree
depth to get a feel for how the tree is fitting to your data, and then increase the depth.

* Remember that the number of samples required to populate the tree doubles for each additional level the tree
grows to. Use max_depth to control the size of the tree to prevent overfitting.

e Use min_samples_split ormin_samples_leaf to control the number of samples at a leaf node. A
very small number will usually mean the tree will overfit, whereas a large number will prevent the tree from
learning the data. Try min_samples_leaf=5 as an initial value. The main difference between the two is that
min_samples_leaf guarantees a minimum number of samples in a leaf, whilemin_samples_split can
create arbitrary small leaves, though min_samples_split is more common in the literature.

» Balance your dataset before training to prevent the tree from being biased toward the classes that are dominant.
Class balancing can be done by sampling an equal number of samples from each class, or preferably by nor-
malizing the sum of the sample weights (sample_weight) for each class to the same value. Also note that
weight-based pre-pruning criteria, such as min_weight_fraction_leaf, will then be less biased toward
dominant classes than criteria that are not aware of the sample weights, like min_samples_leaf.

* If the samples are weighted, it will be easier to optimize the tree structure using weight-based pre-pruning
criterion such as min_weight_fraction_leaf, which ensure that leaf nodes contain at least a fraction of
the overall sum of the sample weights.

 All decision trees use np . f1oat 32 arrays internally. If training data is not in this format, a copy of the dataset
will be made.

 If the input matrix X is very sparse, it is recommended to convert to sparse csc_matrix‘ before
calling fit and sparse ‘‘csr_matrix before calling predict. Training time can be orders of mag-
nitude faster for a sparse matrix input compared to a dense matrix when features have zero values in most of the
samples.

4.10.6 Tree algorithms: ID3, C4.5, C5.0 and CART

What are all the various decision tree algorithms and how do they differ from each other? Which one is implemented
in scikit-learn?

ID3 (Tterative Dichotomiser 3) was developed in 1986 by Ross Quinlan. The algorithm creates a multiway tree, finding
for each node (i.e. in a greedy manner) the categorical feature that will yield the largest information gain for categorical
targets. Trees are grown to their maximum size and then a pruning step is usually applied to improve the ability of the
tree to generalise to unseen data.

C4.5 is the successor to ID3 and removed the restriction that features must be categorical by dynamically defining
a discrete attribute (based on numerical variables) that partitions the continuous attribute value into a discrete set of
intervals. C4.5 converts the trained trees (i.e. the output of the ID3 algorithm) into sets of if-then rules. These accuracy
of each rule is then evaluated to determine the order in which they should be applied. Pruning is done by removing a
rule’s precondition if the accuracy of the rule improves without it.

C5.0 is Quinlan’s latest version release under a proprietary license. It uses less memory and builds smaller rulesets
than C4.5 while being more accurate.
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CART (Classification and Regression Trees) is very similar to C4.5, but it differs in that it supports numerical target
variables (regression) and does not compute rule sets. CART constructs binary trees using the feature and threshold
that yield the largest information gain at each node.

scikit-learn uses an optimised version of the CART algorithm.

4.10.7 Mathematical formulation

Given training vectors x; € R", i=1,..., ] and a label vector y € R!, a decision tree recursively partitions the space
such that the samples with the same labels are grouped together.

Let the data at node m be represented by (). For each candidate split 8 = (4, ,, ) consisting of a feature j and threshold
tm, partition the data into Qe f+(6) and @Qign:(6) subsets

Qiest(0) = (z,y)|z; <=tm
Qright(e) = Q \ Qleft(e)

The impurity at m is computed using an impurity function H (), the choice of which depends on the task being solved
(classification or regression)

G(Q.0) = "L H (Queps(9)) + "2 H(Quigna 6)

Select the parameters that minimises the impurity
0* = argmin, G(Q, 6)
Recurse for subsets Qe+ (0*) and Qpgn:(6*) until the maximum allowable depth is reached, N, < minggmpies OF

N, =1.

Classification criteria

If a target is a classification outcome taking on values 0,1,...,.K-1, for node m, representing a region R,, with N,,
observations, let

Pmk = 1/Nm Z I(yt = k)

z;€ERm
be the proportion of class k observations in node m

Common measures of impurity are Gini

H(Xm) = mek(l — Pmk)
k

Cross-Entropy

H(Xm) =Y Pk 10g(Pmi)
k

and Misclassification

H(Xm) =1- max(pmk)
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Regression criteria

If the target is a continuous value, then for node m, representing a region R,, with NV, observations, a common
criterion to minimise is the Mean Squared Error

1
Cm = 77— i
N, 4
1€EN,
HXm) = o 3 (i — cm)?
i1ENp,

References:

* http://en.wikipedia.org/wiki/Decision_tree_learning

* http://en.wikipedia.org/wiki/Predictive_analytics

* L. Breiman, J. Friedman, R. Olshen, and C. Stone. Classification and Regression Trees. Wadsworth,
Belmont, CA, 1984.

* J.R. Quinlan. C4. 5: programs for machine learning. Morgan Kaufmann, 1993.

 T. Hastie, R. Tibshirani and J. Friedman. Elements of Statistical Learning, Springer, 2009.

4.11 Ensemble methods

The goal of ensemble methods is to combine the predictions of several base estimators built with a given learning
algorithm in order to improve generalizability / robustness over a single estimator.

Two families of ensemble methods are usually distinguished:

* In averaging methods, the driving principle is to build several estimators independently and then to average
their predictions. On average, the combined estimator is usually better than any of the single base estimator
because its variance is reduced.

Examples: Bagging methods, Forests of randomized trees, ...

* By contrast, in boosting methods, base estimators are built sequentially and one tries to reduce the bias of the
combined estimator. The motivation is to combine several weak models to produce a powerful ensemble.

Examples: AdaBoost, Gradient Tree Boosting, ...

4.11.1 Bagging meta-estimator

In ensemble algorithms, bagging methods form a class of algorithms which build several instances of a black-box
estimator on random subsets of the original training set and then aggregate their individual predictions to form a final
prediction. These methods are used as a way to reduce the variance of a base estimator (e.g., a decision tree), by
introducing randomization into its construction procedure and then making an ensemble out of it. In many cases,
bagging methods constitute a very simple way to improve with respect to a single model, without making it necessary
to adapt the underlying base algorithm. As they provide a way to reduce overfitting, bagging methods work best with
strong and complex models (e.g., fully developed decision trees), in contrast with boosting methods which usually
work best with weak models (e.g., shallow decision trees).

Bagging methods come in many flavours but mostly differ from each other by the way they draw random subsets of
the training set:

* When random subsets of the dataset are drawn as random subsets of the samples, then this algorithm is known
as Pasting [B1999].
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* When samples are drawn with replacement, then the method is known as Bagging [B1996].

¢ When random subsets of the dataset are drawn as random subsets of the features, then the method is known as
Random Subspaces [H1998].

* Finally, when base estimators are built on subsets of both samples and features, then the method is known as
Random Patches [LG2012].

In scikit-learn, bagging methods are offered as a unified BaggingClassifier meta-estimator (resp.
BaggingRegressor), taking as input a user-specified base estimator along with parameters specifying the strategy
to draw random subsets. In particular, mnax_samples and max_features control the size of the subsets (in terms
of samples and features), while bootstrap and bootstrap_features control whether samples and features
are drawn with or without replacement. As an example, the snippet below illustrates how to instantiate a bagging
ensemble of KNeighborsClassifier base estimators, each built on random subsets of 50% of the samples and
50% of the features.

>>> from sklearn.ensemble import BaggingClassifier

>>> from sklearn.neighbors import KNeighborsClassifier

>>> bagging = BaggingClassifier (KNeighborsClassifier(),
max_samples=0.5, max_features=0.5)

Examples:

* Single estimator versus bagging: bias-variance decomposition

References I

4.11.2 Forests of randomized trees

The sklearn.ensemble module includes two averaging algorithms based on randomized decision trees: the Ran-
domForest algorithm and the Extra-Trees method. Both algorithms are perturb-and-combine techniques [B1998]
specifically designed for trees. This means a diverse set of classifiers is created by introducing randomness in the
classifier construction. The prediction of the ensemble is given as the averaged prediction of the individual classifiers.

As other classifiers, forest classifiers have to be fitted with two arrays: a sparse or dense array X of size [n_samples,
n_features] holding the training samples, and an array Y of size [n_samples] holding the target values (class
labels) for the training samples:

>>> from sklearn.ensemble import RandomForestClassifier

>>> X = [[0, 0], [1, 11]

>>> Y = [0, 1]

>>> clf = RandomForestClassifier (n_estimators=10)
>>> clf = clf.fit (X, Y)

Like decision trees, forests of trees also extend to multi-output problems (if Y is an array of size [n_samples,
n_outputs]).

Random Forests

In random forests (see RandomForestClassifier and RandomForestRegressor classes), each tree in the
ensemble is built from a sample drawn with replacement (i.e., a bootstrap sample) from the training set. In addition,
when splitting a node during the construction of the tree, the split that is chosen is no longer the best split among all
features. Instead, the split that is picked is the best split among a random subset of the features. As a result of this
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randomness, the bias of the forest usually slightly increases (with respect to the bias of a single non-random tree) but,
due to averaging, its variance also decreases, usually more than compensating for the increase in bias, hence yielding
an overall better model.

In contrast to the original publication [B2001], the scikit-learn implementation combines classifiers by averaging their
probabilistic prediction, instead of letting each classifier vote for a single class.

Extremely Randomized Trees

In extremely randomized trees (see ExtraTreesClassifier and ExtraTreesRegressor classes), random-
ness goes one step further in the way splits are computed. As in random forests, a random subset of candidate features
is used, but instead of looking for the most discriminative thresholds, thresholds are drawn at random for each candi-
date feature and the best of these randomly-generated thresholds is picked as the splitting rule. This usually allows to
reduce the variance of the model a bit more, at the expense of a slightly greater increase in bias:

>>> from sklearn.cross_validation import cross_val_score
>>> from sklearn.datasets import make_blobs

>>> from sklearn.ensemble import RandomForestClassifier
>>> from sklearn.ensemble import ExtraTreesClassifier
>>> from sklearn.tree import DecisionTreeClassifier

>>> X, y = make_blobs (n_samples=10000, n_features=10, centers=100,
random_state=0)

>>> clf = DecisionTreeClassifier (max_depth=None, min_samples_split=1,
random_state=0)

>>> scores = cross_val_score(clf, X, vy)
>>> gcores.mean ()
0.97...

>>> clf = RandomForestClassifier (n_estimators=10, max_depth=None,
min_samples_split=1, random_state=0)

>>> scores = cross_val_score(clf, X, y)
>>> gcores.mean ()
0.999...

>>> clf = ExtraTreesClassifier(n_estimators=10, max_depth=None,
.. min_samples_split=1, random_state=0)
>>> scores = cross_val_score(clf, X, vy)

>>> scores.mean() > 0.999
True
Parameters

The main parameters to adjust when using these methods is n_estimators and max_features. The former
is the number of trees in the forest. The larger the better, but also the longer it will take to compute. In addition,
note that results will stop getting significantly better beyond a critical number of trees. The latter is the size of
the random subsets of features to consider when splitting a node. The lower the greater the reduction of variance,
but also the greater the increase in bias. Empirical good default values are max_features=n_features for
regression problems, and max_features=sqgrt (n_features) for classification tasks (where n_features is
the number of features in the data). Good results are often achieved when setting max_depth=None in combination
with min_samples_split=1 (i.e., when fully developing the trees). Bear in mind though that these values are
usually not optimal, and might result in models that consume a lot of ram. The best parameter values should always be
cross-validated. In addition, note that in random forests, bootstrap samples are used by default (boot st rap=True)
while the default strategy for extra-trees is to use the whole dataset (bootstrap=False).
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Classifiers on feature subsets of the Iris dataset
DecisionTree RandomForest ExtraTrees AdaBoost
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Parallelization

Finally, this module also features the parallel construction of the trees and the parallel computation of the predictions
through the n_ jobs parameter. If n_ jobs=k then computations are partitioned into k jobs, and run on k cores of
the machine. If n_jobs=-1 then all cores available on the machine are used. Note that because of inter-process
communication overhead, the speedup might not be linear (i.e., using k jobs will unfortunately not be k times as fast).
Significant speedup can still be achieved though when building a large number of trees, or when building a single tree
requires a fair amount of time (e.g., on large datasets).

Examples:

e Plot the decision surfaces of ensembles of trees on the iris dataset
* Pixel importances with a parallel forest of trees
* Face completion with a multi-output estimators

References

Feature importance evaluation

The relative rank (i.e. depth) of a feature used as a decision node in a tree can be used to assess the relative importance
of that feature with respect to the predictability of the target variable. Features used at the top of the tree are used
contribute to the final prediction decision of a larger fraction of the input samples. The expected fraction of the
samples they contribute to can thus be used as an estimate of the relative importance of the features.

By averaging those expected activity rates over several randomized trees one can reduce the variance of such an
estimate and use it for feature selection.
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The following example shows a color-coded representation of the relative importances of each individual pixel for a
face recognition task using a ExtraTreesClassifier model.

Pixel importances with forests of trees
0 10 20 30 40 50 60

In practice those estimates are stored as an attribute named feature_importances_ on the fitted model. This
is an array with shape (n_features,) whose values are positive and sum to 1.0. The higher the value, the more
important is the contribution of the matching feature to the prediction function.

Examples:

* Pixel importances with a parallel forest of trees
» Feature importances with forests of trees

Totally Random Trees Embedding

RandomTreesEmbedding implements an unsupervised transformation of the data. Using a forest of completely
random trees, RandomTreesEmbedding encodes the data by the indices of the leaves a data point ends up in. This
index is then encoded in a one-of-K manner, leading to a high dimensional, sparse binary coding. This coding can be
computed very efficiently and can then be used as a basis for other learning tasks. The size and sparsity of the code
can be influenced by choosing the number of trees and the maximum depth per tree. For each tree in the ensemble, the
coding contains one entry of one. The size of the coding is at most n_estimators * 2 *x max_depth, the
maximum number of leaves in the forest.

As neighboring data points are more likely to lie within the same leaf of a tree, the transformation performs an implicit,
non-parametric density estimation.
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Examples:

* Hashing feature transformation using Totally Random Trees
* Manifold learning on handwritten digits: Locally Linear Embedding, Isomap... compares non-linear
dimensionality reduction techniques on handwritten digits.

See also:

Manifold learning techniques can also be useful to derive non-linear representations of feature space, also these ap-
proaches focus also on dimensionality reduction.

4.11.3 AdaBoost

The module sklearn.ensemble includes the popular boosting algorithm AdaBoost, introduced in 1995 by Freund
and Schapire [FS1995].

The core principle of AdaBoost is to fit a sequence of weak learners (i.e., models that are only slightly better than
random guessing, such as small decision trees) on repeatedly modified versions of the data. The predictions from
all of them are then combined through a weighted majority vote (or sum) to produce the final prediction. The data
modifications at each so-called boosting iteration consist of applying weights w1, ws, ..., wy to each of the training
samples. Initially, those weights are all set to w; = 1/N, so that the first step simply trains a weak learner on the
original data. For each successive iteration, the sample weights are individually modified and the learning algorithm is
reapplied to the reweighted data. At a given step, those training examples that were incorrectly predicted by the boosted
model induced at the previous step have their weights increased, whereas the weights are decreased for those that were
predicted correctly. As iterations proceed, examples that are difficult to predict receive ever-increasing influence. Each
subsequent weak learner is thereby forced to concentrate on the examples that are missed by the previous ones in the
sequence [HTF].

0.5 T T T T T T
— Decision Stump Error
———Decision Tree Error
— Discrete AdaBoost Test Error
0.4 — Discrete AdaBoost Train Error

Real AdaBoost Test Error
— Real AdaBoost Train Error

0.3

error rate
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0.1

0.0
0

1 4 L L L
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n_estimators

AdaBoost can be used both for classification and regression problems:
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e For multi-class classification, AdaBoostClassifier implements AdaBoost-SAMME and AdaBoost-
SAMME.R [ZZRH2009].

* For regression, AdaBoostRegressor implements AdaBoost.R2 [D1997].

Usage

The following example shows how to fit an AdaBoost classifier with 100 weak learners:

>>> from sklearn.cross_validation import cross_val_score
>>> from sklearn.datasets import load_iris
>>> from sklearn.ensemble import AdaBoostClassifier

>>> iris = load_iris()

>>> clf = AdaBoostClassifier (n_estimators=100)

>>> scores = cross_val_score(clf, iris.data, iris.target)
>>> scores.mean ()

0.9...

The number of weak learners is controlled by the parameter n_estimators. The learning_rate parameter
controls the contribution of the weak learners in the final combination. By default, weak learners are decision stumps.
Different weak learners can be specified through the base_estimator parameter. The main parameters to tune to
obtain good results are n_estimators and the complexity of the base estimators (e.g., its depth max_depth or
minimum required number of samples at a leaf min_samples_leaf in case of decision trees).

Examples:

* Discrete versus Real AdaBoost compares the classification error of a decision stump, decision tree, and a
boosted decision stump using AdaBoost-SAMME and AdaBoost-SAMME.R.

* Multi-class AdaBoosted Decision Trees shows the performance of AdaBoost-SAMME and AdaBoost-
SAMME.R on a multi-class problem.

* Two-class AdaBoost shows the decision boundary and decision function values for a non-linearly separable
two-class problem using AdaBoost-SAMME.

* Decision Tree Regression with AdaBoost demonstrates regression with the AdaBoost.R2 algorithm.

References I

4.11.4 Gradient Tree Boosting

Gradient Tree Boosting or Gradient Boosted Regression Trees (GBRT) is a generalization of boosting to arbitrary
differentiable loss functions. GBRT is an accurate and effective off-the-shelf procedure that can be used for both
regression and classification problems. Gradient Tree Boosting models are used in a variety of areas including Web
search ranking and ecology.

The advantages of GBRT are:
 Natural handling of data of mixed type (= heterogeneous features)
¢ Predictive power
* Robustness to outliers in output space (via robust loss functions)

The disadvantages of GBRT are:
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* Scalability, due to the sequential nature of boosting it can hardly be parallelized.

The module sklearn.ensemble provides methods for both classification and regression via gradient boosted
regression trees.

Classification

GradientBoostingClassifier supports both binary and multi-class classification. The following example
shows how to fit a gradient boosting classifier with 100 decision stumps as weak learners:

>>> from sklearn.datasets import make_hastie_10_2
>>> from sklearn.ensemble import GradientBoostingClassifier

>>> X, y = make_hastie_10_2 (random_state=0)
>>> X_train, X_test = X[:2000], X[2000:]
>>> y_train, y_test = y[:2000], y[2000:]

>>> clf = GradientBoostingClassifier (n_estimators=100, learning_rate=1.0,
. max_depth=1, random_state=0).fit (X_train, y_train)

>>> clf.score (X_test, y_test)

0.913...

The number of weak learners (i.e. regression trees) is controlled by the parameter n_estimators; The size of each
tree can be controlled either by setting the tree depth via max_depth or by setting the number of leaf nodes via
max_leaf_nodes. The learning_rate is a hyper-parameter in the range (0.0, 1.0] that controls overfitting via
shrinkage .

Note: Classification with more than 2 classes requires the induction of n_classes regression trees at each
at each iteration, thus, the total number of induced trees equals n_classes x n_estimators. For datasets

with a large number of classes we strongly recommend to use RandomForestClassifier as an alternative to
GradientBoostingClassifier.

Regression

GradientBoostingRegressor supports a number of different loss functions for regression which can be speci-
fied via the argument 1oss; the default loss function for regression is least squares (* 1s’).

>>> import numpy as np

>>> from sklearn.metrics import mean_squared_error

>>> from sklearn.datasets import make_friedmanl

>>> from sklearn.ensemble import GradientBoostingRegressor

>>> X, y = make_friedmanl (n_samples=1200, random_state=0, noise=1.0)
>>> X_train, X_test = X[:200], X[200:]
>>> y_train, y_test = y[:200], y[200:]

>>> est = GradientBoostingRegressor (n_estimators=100, learning_rate=0.1,
max_depth=1, random_state=0, loss='ls').fit(X_train, y_train)

>>> mean_squared_error (y_test, est.predict (X_test))

5.00...

The figure below shows the results of applying GradientBoostingRegressor with least squares loss and 500
base learners to the Boston house price dataset (sklearn.datasets.load_boston). The plot on the left shows
the train and test error at each iteration. The train error at each iteration is stored in the train_score_ attribute
of the gradient boosting model. The test error at each iterations can be obtained via the staged_predict method
which returns a generator that yields the predictions at each stage. Plots like these can be used to determine the optimal
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number of trees (i.e. n_estimators) by early stopping. The plot on the right shows the feature importances which
can be obtained via the feature_importances_ property.

Deviance Variable Importance
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— Test Set Deviance
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o 100 200 300 400 500 0 20 40 60 80 100
Boosting Iterations Relative Importance

Examples:

* Gradient Boosting regression
* Gradient Boosting Out-of-Bag estimates

Fitting additional weak-learners

BothGradientBoostingRegressorand GradientBoostingClassifier supportwarm_start=True
which allows you to add more estimators to an already fitted model.

>>> _ = est.set_params (n_estimators=200, warm_start=True) # set warm _start and new nr of trees
>>> = est.fit (X_train, y_train) # fit additional 100 trees to est

>>> mean_squared_error (y_test, est.predict (X_test))

3.84...

Controlling the tree size

The size of the regression tree base learners defines the level of variable interactions that can be captured by the
gradient boosting model. In general, a tree of depth h can capture interactions of order h . There are two ways in
which the size of the individual regression trees can be controlled.

If you specify max_depth=h then complete binary trees of depth h will be grown. Such trees will have (at most)
2x+h leaf nodes and 2x+h — 1 split nodes.

Alternatively, you can control the tree size by specifying the number of leaf nodes via the parameter
max_leaf_nodes. In this case, trees will be grown using best-first search where nodes with the highest improve-
ment in impurity will be expanded first. A tree with max_leaf nodes=k has k — 1 split nodes and thus can
model interactions of up to order max_leaf_nodes - 1.

We found that max_leaf_ nodes=k gives comparable results to max_depth=k-1 but is significantly faster to
train at the expense of a slightly higher training error. The parameter max_leaf_nodes corresponds to the variable
J in the chapter on gradient boosting in [F2001] and is related to the parameter interaction.depth in R’s gbm
package where max_leaf_nodes == interaction.depth + 1.
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Mathematical formulation

GBRT considers additive models of the following form:

F(Z‘) = Z 'Ymhm(m)
m=1

where h,, (x) are the basis functions which are usually called weak learners in the context of boosting. Gradient Tree
Boosting uses decision trees of fixed size as weak learners. Decision trees have a number of abilities that make them
valuable for boosting, namely the ability to handle data of mixed type and the ability to model complex functions.

Similar to other boosting algorithms GBRT builds the additive model in a forward stagewise fashion:

F(z) = Fi—1(2) + Ymhm(x)

At each stage the decision tree h,, () is chosen to minimize the loss function L given the current model F;,, 1 and its
fit Fi, 1 (JUZ)

Fm(z) = Fm—l(x) + arg ménz L(yia Fm—l(zi) - h(l'))

i=1

The initial model Fj is problem specific, for least-squares regression one usually chooses the mean of the target values.

Note: The initial model can also be specified via the init argument. The passed object has to implement £it and
predict.

Gradient Boosting attempts to solve this minimization problem numerically via steepest descent: The steepest descent
direction is the negative gradient of the loss function evaluated at the current model F},,_; which can be calculated for
any differentiable loss function:

Fm(z) - Fm—l(x) + Ym Z VFL(yi, Fm—l(‘rz))

i=1

Where the step length ~,,, is chosen using line search:

OL(yi, Fr—1(x;))
8Fm_1(3:i)

Ym = argmin > Ly, P (@) —
=1

The algorithms for regression and classification only differ in the concrete loss function used.
Loss Functions

The following loss functions are supported and can be specified using the parameter 1oss:

* Regression
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— Least squares (” 1s’): The natural choice for regression due to its superior computational properties. The
initial model is given by the mean of the target values.

— Least absolute deviation (* 1ad’ ): A robust loss function for regression. The initial model is given by the
median of the target values.

— Huber (“ huber’): Another robust loss function that combines least squares and least absolute deviation;
use alpha to control the sensitivity with regards to outliers (see [F2001] for more details).

— Quantile ( quantile’): A loss function for quantile regression. Use 0 < alpha < 1 to specify the
quantile. This loss function can be used to create prediction intervals (see Prediction Intervals for Gradient
Boosting Regression).

¢ Classification

— Binomial deviance ( deviance’): The negative binomial log-likelihood loss function for binary classi-
fication (provides probability estimates). The initial model is given by the log odds-ratio.

— Multinomial deviance (* deviance’): The negative multinomial log-likelihood loss function for multi-
class classification with n_classes mutually exclusive classes. It provides probability estimates. The
initial model is given by the prior probability of each class. At each iteration n_classes regression trees
have to be constructed which makes GBRT rather inefficient for data sets with a large number of classes.

— Exponential loss (* exponential’): The same loss function as AdaBoostClassifier. Less robust
to mislabeled examples than  deviance’ ; can only be used for binary classification.

Regularization

Shrinkage

[F2001] proposed a simple regularization strategy that scales the contribution of each weak learner by a factor v:
Fo(z) = Fo1(z) + vymb (x)

The parameter v is also called the learning rate because it scales the step length the the gradient descent procedure; it
can be set via the learning_rate parameter.

The parameter learning_rate strongly interacts with the parameter n_est imators, the number of weak learn-
ers to fit. Smaller values of learning_rate require larger numbers of weak learners to maintain a constant training
error. Empirical evidence suggests that small values of learning_rate favor better test error. [HTF2009] recom-
mend to set the learning rate to a small constant (e.g. learning_rate <= 0.1)andchoose n_estimators by
early stopping. For a more detailed discussion of the interaction between learning_rate and n_estimators
see [R2007].

Subsampling

[F1999] proposed stochastic gradient boosting, which combines gradient boosting with bootstrap averaging (bagging).
At each iteration the base classifier is trained on a fraction subsample of the available training data. The subsample
is drawn without replacement. A typical value of subsample is 0.5.

The figure below illustrates the effect of shrinkage and subsampling on the goodness-of-fit of the model. We can
clearly see that shrinkage outperforms no-shrinkage. Subsampling with shrinkage can further increase the accuracy of
the model. Subsampling without shrinkage, on the other hand, does poorly.

Another strategy to reduce the variance is by subsampling the features analogous to the random splits in
RandomForestClassifier . The number of subsampled features can be controlled via the max_features
parameter.
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Note: Using a small max_features value can significantly decrease the runtime.

Stochastic gradient boosting allows to compute out-of-bag estimates of the test deviance by computing the improve-
ment in deviance on the examples that are not included in the bootstrap sample (i.e. the out-of-bag examples). The
improvements are stored in the attribute oob_improvement_. oob_improvement_ [i] holds the improvement
in terms of the loss on the OOB samples if you add the i-th stage to the current predictions. Out-of-bag estimates can
be used for model selection, for example to determine the optimal number of iterations. OOB estimates are usually
very pessimistic thus we recommend to use cross-validation instead and only use OOB if cross-validation is too time
consuming.

Examples:

* Gradient Boosting regularization
* Gradient Boosting Out-of-Bag estimates

Interpretation

Individual decision trees can be interpreted easily by simply visualizing the tree structure. Gradient boosting models,
however, comprise hundreds of regression trees thus they cannot be easily interpreted by visual inspection of the
individual trees. Fortunately, a number of techniques have been proposed to summarize and interpret gradient boosting
models.

Feature importance

Often features do not contribute equally to predict the target response; in many situations the majority of the features
are in fact irrelevant. When interpreting a model, the first question usually is: what are those important features and
how do they contributing in predicting the target response?
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Individual decision trees intrinsically perform feature selection by selecting appropriate split points. This information
can be used to measure the importance of each feature; the basic idea is: the more often a feature is used in the split
points of a tree the more important that feature is. This notion of importance can be extended to decision tree ensembles
by simply averaging the feature importance of each tree (see Feature importance evaluation for more details).

The feature importance scores of a fit gradient boosting model can be accessed via the feature_importances_
property:

>>> from sklearn.datasets import make_hastie_10_2
>>> from sklearn.ensemble import GradientBoostingClassifier

>>> X, y = make_hastie_10_2 (random_state=0)

>>> clf = GradientBoostingClassifier (n_estimators=100, learning_rate=1.0,
max_depth=1, random_state=0).fit (X, vy)

>>> clf.feature_importances_

array ([ 0.11, 0.1 , 0.11,

Examples:

* Gradient Boosting regression

Partial dependence

Partial dependence plots (PDP) show the dependence between the target response and a set of ‘target’ features,
marginalizing over the values of all other features (the ‘complement’ features). Intuitively, we can interpret the partial
dependence as the expected target response > as a function of the ‘target’ features ©.

Due to the limits of human perception the size of the target feature set must be small (usually, one or two) thus the
target features are usually chosen among the most important features.

The Figure below shows four one-way and one two-way partial dependence plots for the California housing dataset:

One-way PDPs tell us about the interaction between the target response and the target feature (e.g. linear, non-linear).
The upper left plot in the above Figure shows the effect of the median income in a district on the median house price;
we can clearly see a linear relationship among them.

PDPs with two target features show the interactions among the two features. For example, the two-variable PDP in
the above Figure shows the dependence of median house price on joint values of house age and avg. occupants per
household. We can clearly see an interaction between the two features: For an avg. occupancy greater than two, the
house price is nearly independent of the house age, whereas for values less than two there is a strong dependence on
age.

The module partial_dependence provides a convenience function plot_partial_dependence to cre-
ate one-way and two-way partial dependence plots. In the below example we show how to create a grid of partial
dependence plots: two one-way PDPs for the features 0 and 1 and a two-way PDP between the two features:

>>> from sklearn.datasets import make_hastie_10_2
>>> from sklearn.ensemble import GradientBoostingClassifier
>>> from sklearn.ensemble.partial_dependence import plot_partial_dependence

>>> X, y = make_hastie_10_2 (random_state=0)
>>> clf = GradientBoostingClassifier (n_estimators=100, learning_rate=1.0,
max_depth=1, random_state=0).fit (X, vy)

3 For classification with 1oss="deviance’ the target response is logit(p).
6 More precisely its the expectation of the target response after accounting for the initial model; partial dependence plots do not include the
init model.
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Partial dependence of house value on nonlocation features
for the California housing dataset
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>>> features = [0, 1, (0, 1)]

>>> fig, axs = plot_partial_dependence(clf, X, features)

For multi-class models, you need to set the class label for which the PDPs should be created via the 1abel argument:

>>> from sklearn.datasets import load_iris

>>> iris = load_iris()

>>> mc_clf = GradientBoostingClassifier (n_estimators=10,
max_depth=1) .fit (iris.data, iris.target)

>>> features = [3, 2, (3, 2)]

>>> fig, axs = plot_partial_dependence (mc_clf, X, features, label=0)

If you need the raw values of the partial dependence function rather than the plots you can use the
partial_dependence function:

>>> from sklearn.ensemble.partial dependence import partial_dependence

>>> pdp, axes = partial_dependence(clf, [0], X=X)
>>> pdp

array ([[ 2.46643157, 2.46643157,

>>> axes

[array ([-1.62497054, -1.59201391,

The function requires either the argument grid which specifies the values of the target features on which the partial
dependence function should be evaluated or the argument X which is a convenience mode for automatically creating
grid from the training data. If X is given, the axes value returned by the function gives the axis for each target
feature.

For each value of the ‘target’ features in the grid the partial dependence function need to marginalize the predictions
of a tree over all possible values of the ‘complement” features. In decision trees this function can be evaluated effi-
ciently without reference to the training data. For each grid point a weighted tree traversal is performed: if a split node
involves a ‘target’ feature, the corresponding left or right branch is followed, otherwise both branches are followed,
each branch is weighted by the fraction of training samples that entered that branch. Finally, the partial dependence
is given by a weighted average of all visited leaves. For tree ensembles the results of each individual tree are again
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averaged.

Examples:

* Partial Dependence Plots

References I

4.12 Multiclass and multilabel algorithms

Warning: All classifiers in scikit-learn do multiclass classification out-of-the-box. You don’t need to use the
sklearn.multiclass module unless you want to experiment with different multiclass strategies.

The sklearn.multiclass module implements meta-estimators to solvemulticlass andmultilabel clas-
sification problems by decomposing such problems into binary classification problems.

* Multiclass classification means a classification task with more than two classes; e.g., classify a set of images of
fruits which may be oranges, apples, or pears. Multiclass classification makes the assumption that each sample
is assigned to one and only one label: a fruit can be either an apple or a pear but not both at the same time.

Multilabel classification assigns to each sample a set of target labels. This can be thought as predicting proper-
ties of a data-point that are not mutually exclusive, such as topics that are relevant for a document. A text might
be about any of religion, politics, finance or education at the same time or none of these.

Multioutput-multiclass classification and multi-task classification means that a single estimator has to handle
several joint classification tasks. This is a generalization of the multi-label classification task, where the set of
classification problem is restricted to binary classification, and of the multi-class classification task. The output
format is a 2d numpy array or sparse matrix.

The set of labels can be different for each output variable. For instance a sample could be assigned “pear” for an
output variable that takes possible values in a finite set of species such as “pear”, “apple”, “orange” and “green”
for a second output variable that takes possible values in a finite set of colors such as “green”, “red”, “orange”,

“yellow”...

This means that any classifiers handling multi-output multiclass or multi-task classification task supports the
multi-label classification task as a special case. Multi-task classification is similar to the multi-output classifica-
tion task with different model formulations. For more information, see the relevant estimator documentation.

All scikit-learn classifiers are capable of multiclass classification, but the meta-estimators offered by
sklearn.multiclass permit changing the way they handle more than two classes because this may have an
effect on classifier performance (either in terms of generalization error or required computational resources).

Below is a summary of the classifiers supported by scikit-learn grouped by strategy; you don’t need the meta-estimators
in this class if you’re using one of these unless you want custom multiclass behavior:

* Inherently multiclass: Naive Bayes, sklearn.lda.LDA, Decision Trees, Random Forests, Nearest Neigh-
bors, setting “multi_class=multinomial” in sklearn.linear_model.LogisticRegression.

¢ One-Vs-One: sklearn.svm. SVC.
* One-Vs-All: all linear models except sklearn.svm. SVC.

Some estimators also support multioutput-multiclass classification tasks Decision Trees, Random Forests, Nearest
Neighbors.
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Warning: At present, no metric in sklearn.metrics supports the multioutput-multiclass classification task.

4.12.1 Multilabel classification format

In multilabel learning, the joint set of binary classification tasks is expressed with label binary indicator array: each
sample is one row of a 2d array of shape (n_samples, n_classes) with binary values: the one, i.e. the non zero elements,
corresponds to the subset of labels. An array such as np.array([([1, 0, 0], [0, 1, 11, [0, O, 011])
represents label O in the first sample, labels 1 and 2 in the second sample, and no labels in the third sample.

Producing multilabel data as a list of sets of labels may be more intuitive. The transformer MultilabelBinarizer
will convert between a collection of collections of labels and the indicator format.

>>> from sklearn.datasets import make_multilabel_classification

>>> from sklearn.preprocessing import MultilabelBinarizer

>>> X, Y = make_multilabel_classification(n_samples=5, random_state=0,
Ce return_indicator=False)

>>> Y

(r2, 3, 41, I[21, (0, 1, 31, [0, 1, 2, 3, 41, [0, 1, 2]]
>>> MultiLabelBinarizer () .fit_transform(Y)
array(([([0O, O, 1, 1, 17,

(o, o, 1, o, 0jJ,

(1, 1, o, 1, 01,

1, 1, 1, 1, 11,

f(r, 1, 1, 0, 011)

4.12.2 One-Vs-The-Rest

This strategy, also known as one-vs-all, is implemented in OneVsRestClassifier. The strategy consists in
fitting one classifier per class. For each classifier, the class is fitted against all the other classes. In addition to its
computational efficiency (only n_classes classifiers are needed), one advantage of this approach is its interpretability.
Since each class is represented by one and one classifier only, it is possible to gain knowledge about the class by
inspecting its corresponding classifier. This is the most commonly used strategy and is a fair default choice.

Multiclass learning

Below is an example of multiclass learning using OvR:

>>> from sklearn import datasets
>>> from sklearn.multiclass import OneVsRestClassifier
>>> from sklearn.svm import LinearSVC

>>> iris = datasets.load_iris()

>>> X, y = iris.data, iris.target

>>> OneVsRestClassifier (LinearSVC (random_state=0)) .fit (X, y) .predict (X)

array((o, o, o0, o, o, o, o, o, o, o, o0, o, o, 0o, 0, 0, o, 0, 0, 0, 0, 0, O,
o, o, o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, 0O, 0, 0O, O,
o, 0,0 0, 002, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
i, 2,1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 1, 1, 1, 1, 1, 1, 1,
i, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,2, 2, 2,1, 2, 2,2,1, 2,2, 2, 2,
2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2])

’

~
~
~
~
~
~
~
~
~
~
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Multilabel learning

OneVsRestClassifier also supports multilabel classification. To use this feature, feed the classifier an indicator
matrix, in which cell [i, j] indicates the presence of label j in sample i.

With unlabeled samples + CCA With unlabeled samples + PCA

Boundary
forclass 1

oot  EITTHHED QD Class 1

Class 2

Second principal component

First principal component

Without unlabeled samples + CCA Without unlabeled samples + PCA

Examples:

* Multilabel classification

4.12.3 One-Vs-One

OneVsOneClassifier constructs one classifier per pair of classes. At prediction time, the class which received
the most votes is selected. In the event of a tie (among two classes with an equal number of votes), it selects the class
with the highest aggregate classification confidence by summing over the pair-wise classification confidence levels
computed by the underlying binary classifiers.

Since it requires to fit n_classes x (n_classes - 1) / 2 classifiers, this method is usually slower than
one-vs-the-rest, due to its O(n_classes”2) complexity. However, this method may be advantageous for algorithms
such as kernel algorithms which don’t scale well with n_samples. This is because each individual learning problem
only involves a small subset of the data whereas, with one-vs-the-rest, the complete dataset is used n_classes times.

Multiclass learning

Below is an example of multiclass learning using OvO:

>>> from sklearn import datasets
>>> from sklearn.multiclass import OneVsOneClassifier
>>> from sklearn.svm import LinearSVC
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>>> 1iris = datasets.load_iris{()

>>> X, y = iris.data, iris.target

>>> OneVsOneClassifier (LinearSVC (random_state=0)) .fit (X, y) .predict (X)

array((o, o, o, o, o, o, o, o, o, o, o, o, o, o, 0, 0, 0o, 0o, 0, 0, 0, 0, O,
o, o, o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, 0O, 0, 0O, O,
o, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
i, 2,1, 2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1, 1, 1, 1, 1, 1,
i, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 21)

’

~
~
~
~

References: I

4.12.4 Error-Correcting Output-Codes

Output-code based strategies are fairly different from one-vs-the-rest and one-vs-one. With these strategies, each class
is represented in a euclidean space, where each dimension can only be 0 or 1. Another way to put it is that each class
is represented by a binary code (an array of 0 and 1). The matrix which keeps track of the location/code of each class
is called the code book. The code size is the dimensionality of the aforementioned space. Intuitively, each class should
be represented by a code as unique as possible and a good code book should be designed to optimize classification
accuracy. In this implementation, we simply use a randomly-generated code book as advocated in 7 although more
elaborate methods may be added in the future.

At fitting time, one binary classifier per bit in the code book is fitted. At prediction time, the classifiers are used to
project new points in the class space and the class closest to the points is chosen.

In OutputCodeClassifier, the code_size attribute allows the user to control the number of classifiers which
will be used. It is a percentage of the total number of classes.

A number between 0 and 1 will require fewer classifiers than one-vs-the-rest. In theory, 1og2 (n_classes) /
n_classes is sufficient to represent each class unambiguously. However, in practice, it may not lead to good
accuracy since 1og2 (n_classes) is much smaller than n_classes.

A number greater than than 1 will require more classifiers than one-vs-the-rest. In this case, some classifiers will in
theory correct for the mistakes made by other classifiers, hence the name “error-correcting”. In practice, however, this
may not happen as classifier mistakes will typically be correlated. The error-correcting output codes have a similar
effect to bagging.

Multiclass learning

Below is an example of multiclass learning using Output-Codes:

>>> from sklearn import datasets

>>> from sklearn.multiclass import OutputCodeClassifier

>>> from sklearn.svm import LinearSVC

>>> iris = datasets.load_iris{()

>>> X, y = iris.data, iris.target

>>> clf = OutputCodeClassifier (LinearSVC (random_state=0),

. code_size=2, random_state=0)

>>> clf.fit (X, y) .predict (X)

array([(O, O, 0, 0, O, O, O, O, 0, O, O, O, O, O, O, O, O, O, O, O, O, O, O,
o, o, o, o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, O, O, O, 0O, O,

7 “The error coding method and PICTs”, James G., Hastie T., Journal of Computational and Graphical statistics 7, 1998.
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o, 6, 0, 0, 2, 1, 1, 1, 1,1, 2, 1,1, 11, 1,1, 11, 1,1, 1, 2, 1, 1,
i, 2,1, 1, 1,1, 1,11, 2, 1, 11, 1,1, 1, 2, 2, 2, 1, 1, 1, 1, 1, 1,
i, 1, 1, 1, 11, 1, 1,11, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2,
2, 2, 2, 2,1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1, 2, 2, 2, 1, 1, 2, 2, 2,
2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2])
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References: I

4.13 Feature selection

The classes in the sklearn.feature_selection module can be used for feature selection/dimensionality re-
duction on sample sets, either to improve estimators’ accuracy scores or to boost their performance on very high-
dimensional datasets.

4.13.1 Removing features with low variance

VarianceThreshold is a simple baseline approach to feature selection. It removes all features whose variance
doesn’t meet some threshold. By default, it removes all zero-variance features, i.e. features that have the same value
in all samples.

As an example, suppose that we have a dataset with boolean features, and we want to remove all features that are
either one or zero (on or off) in more than 80% of the samples. Boolean features are Bernoulli random variables, and
the variance of such variables is given by

Var[X] = p(1 - p)

so we can select using the threshold .8 * (1 - .8):

>>> from sklearn.feature_selection import VarianceThreshold

>>> X = [[0O, O, 1], [O, 1, O], [1, ©, O, (O, 1, 11, [O, 1, 01, [0, 1, 111
>>> sel = VarianceThreshold(threshold=(.8 = (1 — .8)))
>>> gel.fit_transform(X)
array ([[0, 17,
[1, 01,
[0, 01,
[1, 11,
[1, 01,
[1, 111)

’

As expected, VarianceThreshold has removed the first column, which has a probability p = 5/6 > .8 of
containing a zero.

4.13.2 Univariate feature selection

Univariate feature selection works by selecting the best features based on univariate statistical tests. It can be seen
as a preprocessing step to an estimator. Scikit-learn exposes feature selection routines as objects that implement the
transform method:

e SelectKBest removes all but the £ highest scoring features

* SelectPercentile removes all but a user-specified highest scoring percentage of features
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* using common univariate statistical tests for each feature: false positive rate SelectFpr, false discovery rate
SelectFdr, or family wise error SelectFwe.

* GenericUnivariateSelect allows to perform univariate feature selection with a configurable strat-
egy. This allows to select the best univariate selection strategy with hyper-parameter search estimator.

For instance, we can perform a x? test to the samples to retrieve only the two best features as follows:

>>> from sklearn.datasets import load_iris
>>> from sklearn.feature_selection import SelectKBest
>>> from sklearn.feature_selection import chi2

>>> iris = load_iris()

>>> X, y = iris.data, iris.target
>>> X.shape

(150, 4)

>>> X_new = SelectKBest (chi2, k=2).fit_transform(X, vy)
>>> X_new.shape
(150, 2)

These objects take as input a scoring function that returns univariate p-values:
e For regression: f_regression

e For classification: chi2 or £ _classif

Feature selection with sparse data

If you use sparse data (i.e. data represented as sparse matrices), only chi2 will deal with the data without
making it dense.

Warning: Beware not to use a regression scoring function with a classification problem, you will get useless
results.

Examples:

Univariate Feature Selection

4.13.3 Recursive feature elimination

Given an external estimator that assigns weights to features (e.g., the coefficients of a linear model), recursive feature
elimination (RFE) is to select features by recursively considering smaller and smaller sets of features. First, the
estimator is trained on the initial set of features and weights are assigned to each one of them. Then, features whose
absolute weights are the smallest are pruned from the current set features. That procedure is recursively repeated on
the pruned set until the desired number of features to select is eventually reached.

RFECV performs RFE in a cross-validation loop to find the optimal number of features.

Examples:

* Recursive feature elimination: A recursive feature elimination example showing the relevance of pixels in
a digit classification task.

* Recursive feature elimination with cross-validation: A recursive feature elimination example with auto-
matic tuning of the number of features selected with cross-validation.
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4.13.4 L1-based feature selection

Selecting non-zero coefficients

Linear models penalized with the L1 norm have sparse solutions: many of their estimated coefficients are
zero. When the goal is to reduce the dimensionality of the data to use with another classifier, they expose
a transform method to select the non-zero coefficient. In particular, sparse estimators useful for this pur-
pose are the linear_model.Lasso for regression, and of linear_model.LogisticRegression and
svm.LinearSVC for classification:

>>> from sklearn.svm import LinearSVC
>>> from sklearn.datasets import load_iris

>>> iris = load_iris()

>>> X, y = iris.data, iris.target
>>> X.shape

(150, 4)

>>> X_new = LinearSVC(C=0.01, penalty="11", dual=False).fit_transform(X, vy)
>>> X_new.shape
(150, 3)

With SVMs and logistic-regression, the parameter C controls the sparsity: the smaller C the fewer features selected.
With Lasso, the higher the alpha parameter, the fewer features selected.

Examples:

* Classification of text documents using sparse features: Comparison of different algorithms for document
classification including L1-based feature selection.

L1-recovery and compressive sensing

For a good choice of alpha, the Lasso can fully recover the exact set of non-zero variables using only few obser-
vations, provided certain specific conditions are met. In particular, the number of samples should be “sufficiently
large”, or L1 models will perform at random, where “sufficiently large” depends on the number of non-zero co-
efficients, the logarithm of the number of features, the amount of noise, the smallest absolute value of non-zero
coefficients, and the structure of the design matrix X. In addition, the design matrix must display certain specific
properties, such as not being too correlated.

There is no general rule to select an alpha parameter for recovery of non-zero coefficients. It can by set by
cross-validation (LassoCV or LassoLarsCV), though this may lead to under-penalized models: including a
small number of non-relevant variables is not detrimental to prediction score. BIC (LassoLarsIC) tends, on
the opposite, to set high values of alpha.

Reference Richard G. Baraniuk “Compressive Sensing”, IEEE Signal Processing Magazine [120] July 2007
http://dsp.rice.edu/files/cs/baraniukCSlectureO7.pdf

Randomized sparse models

The limitation of L1-based sparse models is that faced with a group of very correlated features, they will select only
one. To mitigate this problem, it is possible to use randomization techniques, reestimating the sparse model many
times perturbing the design matrix or sub-sampling data and counting how many times a given regressor is selected.

RandomizedLasso implements this strategy for regression settings, using the Lasso, while
RandomizedLogisticRegression uses the logistic regression and is suitable for classification tasks. To
get a full path of stability scores you can use lasso_stability_path.
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Stability Scores Path - Mutual incoherence: 86.6

— relevant features
— irrelevant features

0.5F

0.4}

0.3

0.2

Stability score: proportion of times selected

0.0 Mt

Note that for randomized sparse models to be more powerful than standard F statistics at detecting non-zero features,
the ground truth model should be sparse, in other words, there should be only a small fraction of features non zero.

Examples:

» Sparse recovery: feature selection for sparse linear models: An example comparing different feature
selection approaches and discussing in which situation each approach is to be favored.

References:

* N. Meinshausen, P. Buhlmann, “Stability selection”, Journal of the Royal Statistical Society, 72 (2010)
http://arxiv.org/pdf/0809.2932
» F. Bach, “Model-Consistent Sparse Estimation through the Bootstrap™ http://hal.inria.fr/hal-00354771/

4.13.5 Tree-based feature selection

Tree-based estimators (see the sklearn.tree module and forest of trees in the sklearn.ensemble module)
can be used to compute feature importances, which in turn can be used to discard irrelevant features:

>>> from sklearn.ensemble import ExtraTreesClassifier
>>> from sklearn.datasets import load_iris

>>> iris = load_iris()

>>> X, y = iris.data, iris.target
>>> X.shape

(150, 4)

>>> clf = ExtraTreesClassifier ()

>>> X_new = clf.fit (X, y).transform(X)

>>> clf.feature_importances_

array ([ 0.04..., 0.05..., 0.4..., 0.4...1)
>>> X_new.shape

(150, 2)
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Examples:

* Feature importances with forests of trees: example on synthetic data showing the recovery of the actually
meaningful features.
* Pixel importances with a parallel forest of trees: example on face recognition data.

4.13.6 Feature selection as part of a pipeline

Feature selection is usually used as a pre-processing step before doing the actual learning. The recommended way to
do this in scikit-learn is to use a sklearn.pipeline.Pipeline:

clf = Pipeline ([
('feature_selection', LinearSVC (penalty="11")),
("classification', RandomForestClassifier())

1)
clf. fit (X, vy)

In this snippet we make use of a sklearn.svm.LinearSVC to evaluate feature importances and select the
most relevant features. Then, a sklearn.ensemble.RandomForestClassifier is trained on the trans-
formed output, i.e. using only relevant features. You can perform similar operations with the other feature
selection methods and also classifiers that provide a way to evaluate feature importances of course. See the
sklearn.pipeline.Pipeline examples for more details.

4.14 Semi-Supervised

Semi-supervised learning is a situation in which in your training data some of the samples are not labeled. The semi-
supervised estimators in sklearn.semi_supervised are able to make use of this additional unlabeled data to
better capture the shape of the underlying data distribution and generalize better to new samples. These algorithms
can perform well when we have a very small amount of labeled points and a large amount of unlabeled points.

Unlabeled entries in y

It is important to assign an identifier to unlabeled points along with the labeled data when training the model
with the it method. The identifier that this implementation uses is the integer value —1.

4.14.1 Label Propagation

Label propagation denotes a few variations of semi-supervised graph inference algorithms.
A few features available in this model:

* Can be used for classification and regression tasks

* Kernel methods to project data into alternate dimensional spaces

scikit-learn provides two label propagation models: LabelPropagation and LabelSpreading. Both work by
constructing a similarity graph over all items in the input dataset.

LabelPropagation and LabelSpreading differ in modifications to the similarity matrix that graph and the
clamping effect on the label distributions. Clamping allows the algorithm to change the weight of the true ground
labeled data to some degree. The LabelPropagation algorithm performs hard clamping of input labels, which
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Figure 4.1: An illustration of label-propagation: the structure of unlabeled observations is consistent with the class
structure, and thus the class label can be propagated to the unlabeled observations of the training set.

means a = 1. This clamping factor can be relaxed, to say o = 0.8, which means that we will always retain 80 percent
of our original label distribution, but the algorithm gets to change it’s confidence of the distribution within 20 percent.

LabelPropagation uses the raw similarity matrix constructed from the data with no modifications. In contrast,
LabelSpreading minimizes a loss function that has regularization properties, as such it is often more robust to
noise. The algorithm iterates on a modified version of the original graph and normalizes the edge weights by computing
the normalized graph Laplacian matrix. This procedure is also used in Spectral clustering.

Label propagation models have two built-in kernel methods. Choice of kernel effects both scalability and performance
of the algorithms. The following are available:

e 1bf (exp(—v|z — y|?),v > 0). v is specified by keyword gamma.
* knn (1[z' € kNN (z)]). k is specified by keyword n_neighbors.

The RBF kernel will produce a fully connected graph which is represented in memory by a dense matrix. This matrix
may be very large and combined with the cost of performing a full matrix multiplication calculation for each iteration
of the algorithm can lead to prohibitively long running times. On the other hand, the KNN kernel will produce a much
more memory-friendly sparse matrix which can drastically reduce running times.

Examples

* Decision boundary of label propagation versus SVM on the Iris dataset
* Label Propagation learning a complex structure
* Label Propagation digits active learning

References

[1] Yoshua Bengio, Olivier Delalleau, Nicolas Le Roux. In Semi-Supervised Learning (2006), pp. 193-216
[2] Olivier Delalleau, Yoshua Bengio, Nicolas Le Roux. Efficient Non-Parametric Function Induction in Semi-
Supervised Learning. AISTAT 2005 http://research.microsoft.com/en-us/people/nicolasl/efficient_ssl.pdf

4.15 Isotonic regression

The class IsotonicRegression fits a non-decreasing function to data. It solves the following problem:

minimize Y, w; (y; — 9;)*
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subject t0 Jrmin = U1 < P2--- < Un = Ymaz

where each w; is strictly positive and each y; is an arbitrary real number. It yields the vector which is composed of
non-decreasing elements the closest in terms of mean squared error. In practice this list of elements forms a function
that is piecewise linear.
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4.16 Probability calibration

When performing classification you often want not only to predict the class label, but also obtain a probability of the
respective label. This probability gives you some kind of confidence on the prediction. Some models can give you
poor estimates of the class probabilities and some even do not not support probability prediction. The calibration
module allows you to better calibrate the probabilities of a given model, or to add support for probability prediction.

Well calibrated classifiers are probabilistic classifiers for which the output of the predict_proba method can be directly
interpreted as a confidence level. For instance, a well calibrated (binary) classifier should classify the samples such
that among the samples to which it gave a predict_proba value close to 0.8, approximately 80% actually belong to the
positive class. The following plot compares how well the probabilistic predictions of different classifiers are calibrated:

LogisticRegression returns well calibrated predictions by default as it directly optimizes log-loss. In contrast,
the other methods return biased probabilities; with different biases per method:
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Calibration plots (reliability curve)
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* GaussianNB tends to push probabilties to O or 1 (note the counts in the histograms). This is mainly because
it makes the assumption that features are conditionally independent given the class, which is not the case in this
dataset which contains 2 redundant features.

e RandomForestClassifier shows the opposite behavior: the histograms show peaks at approximately
0.2 and 0.9 probability, while probabilities close to 0 or 1 are very rare. An explanation for this is given by
Niculescu-Mizil and Caruana [4]: “Methods such as bagging and random forests that average predictions from
a base set of models can have difficulty making predictions near 0 and 1 because variance in the underlying base
models will bias predictions that should be near zero or one away from these values. Because predictions are
restricted to the interval [0,1], errors caused by variance tend to be one-sided near zero and one. For example,
if a model should predict p = O for a case, the only way bagging can achieve this is if all bagged trees predict
zero. If we add noise to the trees that bagging is averaging over, this noise will cause some trees to predict
values larger than O for this case, thus moving the average prediction of the bagged ensemble away from 0. We
observe this effect most strongly with random forests because the base-level trees trained with random forests
have relatively high variance due to feature subseting.” As a result, the calibration curve shows a characteristic
sigmoid shape, indicating that the classifier could trust its “intuition” more and return probabilties closer to 0 or
1 typically.

* Linear Support Vector Classification (LinearSVC) shows an even more sigmoid curve as the RandomForest-
Classifier, which is typical for maximum-margin methods (compare Niculescu-Mizil and Caruana [4]), which
focus on hard samples that are close to the decision boundary (the support vectors).

Two approaches for performing calibration of probabilistic predictions are provided: a parametric approach based on
Platt’s sigmoid model and a non-parametric approach based on isotonic regression (sklearn.isotonic). Proba-
bility calibration should be done on new data not used for model fitting. The class CalibratedClassifierCV
uses a cross-validation generator and estimates for each split the model parameter on the train samples and the cali-
bration of the test samples. The probabilities predicted for the folds are then averaged. Already fitted classifiers can
be calibrated by CalibratedClassifierCV via the paramter cv="prefit”. In this case, the user has to take care
manually that data for model fitting and calibration are disjoint.

The following images demonstrate the benefit of probability calibration. The first image present a dataset with 2
classes and 3 blobs of data. The blob in the middle contains random samples of each class. The probability for the
samples in this blob should be 0.5.

The following image shows on the data above the estimated probability using a Gaussian naive Bayes classifier without
calibration, with a sigmoid calibration and with a non-parametric isotonic calibration. One can observe that the non-
parametric model provides the most accurate probability estimates for samples in the middle, i.e., 0.5.

The following experiment is performed on an artificial dataset for binary classification with 100.000 samples (1.000
of them are used for model fitting) with 20 features. Of the 20 features, only 2 are informative and 10 are redundant.
The figure shows the estimated probabilities obtained with logistic regression, a linear support-vector classifier (SVC),
and linear SVC with both isotonic calibration and sigmoid calibration. The calibration performance is evaluated with
Brier score brier_score_loss, reported in the legend (the smaller the better).

One can observe here that logistic regression is well calibrated as its curve is nearly diagonal. Linear SVC’s calibration
curve has a sigmoid curve, which is typical for an under-confident classifier. In the case of LinearSVC, this is caused
by the margin property of the hinge loss, which lets the model focus on hard samples that are close to the decision
boundary (the support vectors). Both kinds of calibration can fix this issue and yield nearly identical results. The next
figure shows the calibration curve of Gaussian naive Bayes on the same data, with both kinds of calibration and also
without calibration.

One can see that Gaussian naive Bayes performs very badly but does so in an other way than linear SVC: While linear
SVC exhibited a sigmoid calibration curve, Gaussian naive Bayes’ calibration curve has a transposed-sigmoid shape.
This is typical for an over-confident classifier. In this case, the classifier’s overconfidence is caused by the redundant
features which violate the naive Bayes assumption of feature-independence.

Calibration of the probabilities of Gaussian naive Bayes with isotonic regression can fix this issue as can be seen from
the nearly diagonal calibration curve. Sigmoid calibration also improves the brier score slightly, albeit not as strongly
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Calibration plots (reliability curve)
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Calibration plots (reliability curve)
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as the non-parametric isotonic calibration. This is an intrinsic limitation of sigmoid calibration, whose parametric form
assumes a sigmoid rather than a transposed-sigmoid curve. The non-parametric isotonic calibration model, however,
makes no such strong assumptions and can deal with either shape, provided that there is sufficient calibration data.
In general, sigmoid calibration is preferable if the calibration curve is sigmoid and when there is few calibration data
while isotonic calibration is preferable for non- sigmoid calibration curves and in situations where many additional
data can be used for calibration.

CalibratedClassifierCV can also deal with classification tasks that involve more than two classes if the base
estimator can do so. In this case, the classifier is calibrated first for each class separately in an one-vs-rest fashion.
When predicting probabilities for unseen data, the calibrated probabilities for each class are predicted separately. As
those probabilities do not necessarily sum to one, a postprocessing is performed to normalize them.

The next image illustrates how sigmoid calibration changes predicted probabilities for a 3-class classification problem.
Ilustrated is the standard 2-simplex, where the three corners correspond to the three classes. Arrows point from the
probability vectors predicted by an uncalibrated classifier to the probability vectors predicted by the same classifier
after sigmoid calibration on a hold-out validation set. Colors indicate the true class of an instance (red: class 1, green:
class 2, blue: class 3).

Change of predicted probabilities after sigmoid calibration
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The base classifier is a random forest classifier with 25 base estimators (trees). If this classifier is trained on all 800
training datapoints, it is overly confident in its predictions and thus incurs a large log-loss. Calibrating an identical
classifier, which was trained on 600 datapoints, with method="sigmoid’ on the remaining 200 datapoints reduces the
confidence of the predictions, i.e., moves the probability vectors from the edges of the simplex towards the center:

This calibration results in a lower log-loss. Note that an alternative would have been to increase the number of base
estimators which would have resulted in a similar decrease in log-loss.
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CHAPTER
FIVE

UNSUPERVISED LEARNING

5.1 Gaussian mixture models

sklearn.mixture is a package which enables one to learn Gaussian Mixture Models (diagonal, spherical, tied and full
covariance matrices supported), sample them, and estimate them from data. Facilities to help determine the appropriate
number of components are also provided.

Negative log-likelihood predicted by a GMM
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Figure 5.1: Two-component Gaussian mixture model: data points, and equi-probability surfaces of the model.

A Gaussian mixture model is a probabilistic model that assumes all the data points are generated from a mixture of a
finite number of Gaussian distributions with unknown parameters. One can think of mixture models as generalizing
k-means clustering to incorporate information about the covariance structure of the data as well as the centers of the
latent Gaussians.

Scikit-learn implements different classes to estimate Gaussian mixture models, that correspond to different estimation
strategies, detailed below.

5.1.1 GMM classifier

The GMM object implements the expectation-maximization (EM) algorithm for fitting mixture-of-Gaussian models. It
can also draw confidence ellipsoids for multivariate models, and compute the Bayesian Information Criterion to assess
the number of clusters in the data. A GMM. it method is provided that learns a Gaussian Mixture Model from train
data. Given test data, it can assign to each sample the class of the Gaussian it mostly probably belong to using the
GMM.predict method.
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The GMM comes with different options to constrain the covariance of the difference classes estimated: spherical,
diagonal, tied or full covariance.

spherical diag
Train accuracy: 88.3 Train accuracy: 88.3
Test accuracy: 92.3 Test accuracy: 94.9

v .

full tied

Train accuracy: 89.2 Train accuracy: 95.5
Test accuracy: 100.0

setosa
versicolor
virginica

Examples:

* See GMM classification for an example of using a GMM as a classifier on the iris dataset.
» See Density Estimation for a mixture of Gaussians for an example on plotting the density estimation.

Pros and cons of class GMM: expectation-maximization inference
Pros

Speed it is the fastest algorithm for learning mixture models

Agnostic as this algorithm maximizes only the likelihood, it will not bias the means towards zero, or bias
the cluster sizes to have specific structures that might or might not apply.

Cons

Singularities when one has insufficiently many points per mixture, estimating the covariance matrices
becomes difficult, and the algorithm is known to diverge and find solutions with infinite likelihood
unless one regularizes the covariances artificially.
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Number of components this algorithm will always use all the components it has access to, needing held-
out data or information theoretical criteria to decide how many components to use in the absence of
external cues.

Selecting the number of components in a classical GMM

The BIC criterion can be used to select the number of components in a GMM in an efficient way. In theory, it recovers
the true number of components only in the asymptotic regime (i.e. if much data is available). Note that using a
DPGMM avoids the specification of the number of components for a Gaussian mixture model.

BIC score per model

i spherical
. tied
mm diag
- full

9000 |

8000 |

7000 |
6000 |

5000 |

3 4 5
Number of components

Selected GMM: full model, 2 components

Examples:

» See Gaussian Mixture Model Selection for an example of model selection performed with classical GMM.

Estimation algorithm Expectation-maximization

The main difficulty in learning Gaussian mixture models from unlabeled data is that it is one usually doesn’t know
which points came from which latent component (if one has access to this information it gets very easy to fit a separate
Gaussian distribution to each set of points). Expectation-maximization is a well-founded statistical algorithm to get
around this problem by an iterative process. First one assumes random components (randomly centered on data points,
learned from k-means, or even just normally distributed around the origin) and computes for each point a probability
of being generated by each component of the model. Then, one tweaks the parameters to maximize the likelihood of
the data given those assignments. Repeating this process is guaranteed to always converge to a local optimum.

5.1.2 VBGMM classifier: variational Gaussian mixtures

The VBGMM object implements a variant of the Gaussian mixture model with variational inference algorithms. The
API is identical to GMM. It is essentially a middle-ground between GMM and DP GMM, as it has some of the properties of
the Dirichlet process.
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Pros and cons of class VBGMM: variational inference

Pros

Regularization due to the incorporation of prior information, variational solutions have less pathological
special cases than expectation-maximization solutions. One can then use full covariance matrices
in high dimensions or in cases where some components might be centered around a single point
without risking divergence.

Cons

Bias to regularize a model one has to add biases. The variational algorithm will bias all the means
towards the origin (part of the prior information adds a “ghost point” in the origin to every mixture
component) and it will bias the covariances to be more spherical. It will also, depending on the
concentration parameter, bias the cluster structure either towards uniformity or towards a rich-get-
richer scenario.

Hyperparameters this algorithm needs an extra hyperparameter that might need experimental tuning via
cross-validation.

Estimation algorithm: variational inference

Variational inference is an extension of expectation-maximization that maximizes a lower bound on model evidence
(including priors) instead of data likelihood. The principle behind variational methods is the same as expectation-
maximization (that is both are iterative algorithms that alternate between finding the probabilities for each point to
be generated by each mixture and fitting the mixtures to these assigned points), but variational methods add regular-
ization by integrating information from prior distributions. This avoids the singularities often found in expectation-
maximization solutions but introduces some subtle biases to the model. Inference is often notably slower, but not
usually as much so as to render usage unpractical.

Due to its Bayesian nature, the variational algorithm needs more hyper-parameters than expectation-maximization,
the most important of these being the concentration parameter alpha. Specifying a high value of alpha leads more
often to uniformly-sized mixture components, while specifying small (between 0 and 1) values will lead to some
mixture components getting almost all the points while most mixture components will be centered on just a few of the
remaining points.

5.1.3 DPGMM classifier: Infinite Gaussian mixtures

The DPGMM object implements a variant of the Gaussian mixture model with a variable (but bounded) number of
components using the Dirichlet Process. The API is identical to GMM. This class doesn’t require the user to choose the
number of components, and at the expense of extra computational time the user only needs to specify a loose upper
bound on this number and a concentration parameter.
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GMM Expectation-maximization
'\M Dirichlet Process,alpha=0.01

Dirichlet Process GMM

The examples above compare Gaussian mixture models with fixed number of components, to DPGMM models. On
the left the GMM is fitted with 5 components on a dataset composed of 2 clusters. We can see that the DPGMM
is able to limit itself to only 2 components whereas the GMM fits the data fit too many components. Note that with
very little observations, the DPGMM can take a conservative stand, and fit only one component. On the right we are
fitting a dataset not well-depicted by a mixture of Gaussian. Adjusting the alpha parameter of the DPGMM controls
the number of components used to fit this data.

Examples:

» See Gaussian Mixture Model Ellipsoids for an example on plotting the confidence ellipsoids for both GMM
and DPGMM.
* Gaussian Mixture Model Sine Curve shows using GMM and DPGMM to fit a sine wave

Pros and cons of class DPGMM: Dirichlet process mixture model

Pros

Less sensitivity to the number of parameters unlike finite models, which will almost always use all
components as much as they can, and hence will produce wildly different solutions for different
numbers of components, the Dirichlet process solution won’t change much with changes to the
parameters, leading to more stability and less tuning.

No need to specify the number of components only an upper bound of this number needs to be pro-
vided. Note however that the DPMM is not a formal model selection procedure, and thus provides
no guarantee on the result.

Cons

Speed the extra parametrization necessary for variational inference and for the structure of the Dirichlet
process can and will make inference slower, although not by much.

Bias as in variational techniques, but only more so, there are many implicit biases in the Dirichlet process
and the inference algorithms, and whenever there is a mismatch between these biases and the data it
might be possible to fit better models using a finite mixture.
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The Dirichlet Process

Here we describe variational inference algorithms on Dirichlet process mixtures. The Dirichlet process is a prior
probability distribution on clusterings with an infinite, unbounded, number of partitions. Variational techniques let us
incorporate this prior structure on Gaussian mixture models at almost no penalty in inference time, comparing with a
finite Gaussian mixture model.

An important question is how can the Dirichlet process use an infinite, unbounded number of clusters and still be
consistent. While a full explanation doesn’t fit this manual, one can think of its chinese restaurant process analogy to
help understanding it. The chinese restaurant process is a generative story for the Dirichlet process. Imagine a chinese
restaurant with an infinite number of tables, at first all empty. When the first customer of the day arrives, he sits at
the first table. Every following customer will then either sit on an occupied table with probability proportional to the
number of customers in that table or sit in an entirely new table with probability proportional to the concentration
parameter alpha. After a finite number of customers has sat, it is easy to see that only finitely many of the infinite
tables will ever be used, and the higher the value of alpha the more total tables will be used. So the Dirichlet process
does clustering with an unbounded number of mixture components by assuming a very asymmetrical prior structure
over the assignments of points to components that is very concentrated (this property is known as rich-get-richer, as
the full tables in the Chinese restaurant process only tend to get fuller as the simulation progresses).

Variational inference techniques for the Dirichlet process still work with a finite approximation to this infinite mixture
model, but instead of having to specify a priori how many components one wants to use, one just specifies the concen-
tration parameter and an upper bound on the number of mixture components (this upper bound, assuming it is higher
than the “true” number of components, affects only algorithmic complexity, not the actual number of components
used).

Derivation:

* See here the full derivation of this algorithm.

Variational Gaussian Mixture Models

The API is identical to that of the GMM class, the main difference being that it offers access to precision matrices as
well as covariance matrices.

The inference algorithm is the one from the following paper:
* Variational Inference for Dirichlet Process Mixtures David Blei, Michael Jordan. Bayesian Analysis, 2006

While this paper presents the parts of the inference algorithm that are concerned with the structure of the dirichlet pro-
cess, it does not go into detail in the mixture modeling part, which can be just as complex, or even more. For this reason
we present here a full derivation of the inference algorithm and all the update and lower-bound equations. If you're
not interested in learning how to derive similar algorithms yourself and you’re not interested in changing/debugging
the implementation in the scikit this document is not for you.

The complexity of this implementation is linear in the number of mixture components and data points. With regards
to the dimensionality, it is linear when using spherical or diag and quadratic/cubic when using tied or full.
For spherical or diag itis O(n_states * n_points * dimension) and for t ied or full itis O(n_states * n_points
* dimension”2 + n_states * dimension”3) (it is necessary to invert the covariance/precision matrices and compute its
determinant, hence the cubic term).

This implementation is expected to scale at least as well as EM for the mixture of Gaussians.
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Update rules for VB inference

Here the full mathematical derivation of the Variational Bayes update rules for Gaussian Mixture Models is given. The
main parameters of the model, defined for any class k € [1..K] are the class proportion ¢y, the mean parameters f,
the covariance parameters X, which is characterized by variational Wishart density, Wishart(ay, Bx), where a is
the degrees of freedom, and B is the scale matrix. Depending on the covariance parametrization, By, can be a positive
scalar, a positive vector or a Symmetric Positive Definite matrix.

The spherical model The model then is

P
Pk
Ok

Zi
Xt

The variational distribution we’ll use is

o
273
Ok

Zi

The bound The variational bound is

log P(X) =

+> %
+2 %

2

22 2

2 22

2

Beta(l,aq)
Normal(0,T)
Gamma(1,1)
SBP(¢)
Normal(p.,, il)

Beta(ve,1,Vk,2)
Normal(v,,,I)

Gamma(ag, by)
Discrete(vy,)

Zk(EqUOg P(¢r)] — Eq[IOg Q(or)])
EE [log P(puy

E,[log Q(ur)])
E, [log Q(Uk)])

+ 22 (Eqllog P(z;)] — Ey[log Q(2:)])
+ >, Eqllog P(Xy)

The bound for ¢,

E,llog Beta(1, )] — E[log Beta(yi,1,Vk,2)]

The bound for i,

q )
E,llog P(ak])
q 1

= logI'(1+ ) —logT'(«)
+a—=1)(Y(vk,2) — V(1 + VE2)
—log I'(7k,1 + Vk,2) +log I'(vk,1) + log I'(yx,2)
(V1 = DY (k1) — V(W1 +Tk,2))
(k2 = DY (yr,2) = Y (V1 +Tr,2))

Eqy[log P(ur)] — Eqllog Q ()]
= [dusq(ps)log P(pys) — [dupq(py)log Q(uy)

The bound for o},

= —Llog2r — ||y, |> — 2 + 2 log2me

Here I'll use the inverse scale parametrization of the gamma distribution.

Eyllog P(ok)] — Eq[log Q(ow)]
= logT'(ax) — (ar — 1)¥(ax) — logby + ar — 3=

The bound for z
E,llog P(2)] — E,4[log Q(2)]

= 2 (Tt v ) (W O2) = WO+ 2)) + Vo (W) = P +2)) — log v, )
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The bound for X

Recall that there is no need for a Q(X) so this bound is just
Eyllog POX)] = Y, va (~2log2m + 2(W(ay) — log(be) — £ (1X — v, |2 + D) — log2re)

For simplicity I'll later call the term inside the parenthesis E,[log P(X;|z; = k)]

The updates Updating v

Ykl = 1+Zi Vzik
Te2 = a+) Zj>k Vaiye

Updating u

The updates for mu essentially are just weighted expectations of X regularized by the prior. We can see this by taking
the gradient of the bound with regards to v, and setting it to zero. The gradient is

Vs, bk
VL= v+ ==X+ —v)
i
so the update is

uZi ‘bk
L > e Xi
Hi ™ Vzi Ok

1+, =2

Updating a and b

For some odd reason it doesn’t really work when you derive the updates for a and b using the gradients of the lower
bound (terms involving the W’ function show up and a is hard to isolate). However, we can use the other formula,

log Q(0) = Ey+s, [log P| + const

All the terms not involving o, get folded over into the constant and we get two terms: the prior and the probability of
X. This gives us

D Ok
1OgQ(0k) =0k + 9 ;Vzi,k log o, — 9 ZL:Vsz(HXl - Uk‘|2 + D)
This is the log of a gamma distribution, with a, = 1 + % > i Vs, and
1
b= 1+ 5 > e, (11 =l + D).

You can verify this by normalizing the previous term.

Updating =

log vz, , o< U(yk1) = (e + k2) + Eqllog P(Xilzi = k)] + ) (¥(v52) — Uy + 75.2)) -
i<k

The diagonal model The model then is

o ~ Beta(l,aq)
wr  ~ Normal(0,1)
okd ~ Gamma(l,1)
% ~ SBP($)
X, ~ Normal(p.,,03})
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Tha variational distribution we’ll use is

¢r  ~ DBeta(yr,1,Vk,2)

ur ~ Normal(v,,,I)
Ok,d "~ Gamma(ak,d, bk,d)

z; ~ Discrete(v,,)

The lower bound The changes in this lower bound from the previous model are in the distributions of o (as there
are a lot more ¢ s now) and X.

The bound for o, 4 is the same bound for o, and can be safely omitted.
The bound for X :

The main difference here is that the precision matrix o, scales the norm, so we have an extra term after computing the
expectation of i og i, which is vl ogv,, + Y., 0k.4. We then have

Egllog P(Xi)] = 2 v ( — Dlog2m + 1 3, (¥(an,q) — log(be,a))
_%((Xl - Vuk)T%(Xi — V) + Zd ok,d) — log 27re)

The updates The updates only chance for i (to weight them with the new o), z (but the change is all folded into the
E,[P(X;|#z = k)] term), and the @ and b variables themselves.

The update for 1

-1
VZ,; bk VZi_ bk}
o (1) (2 )

The updates for a and b

Here we’ll do something very similar to the spheric model. The main difference is that now each oy, 4 controls only
one dimension of the bound:

1 o
log Q(0k,4) = —Ok,a + Z Vzmi log ok,a — % Ve (Xia — ,uk,d)2 +1)

%

Hence

1
ak7d =1 —+ 5 Zyzi,k
b :1+lzy (Xid — pra)® +1)
k,d 2 i Zik i,d k,d

The tied model The model then is

o ~ Beta(l,aq)
wr  ~ Normal(0,1)
Y ~ Wishart(D,I)
% ~ SBP(¢)
X; ~ Normal(p,,,X71)
Tha variational distribution we’ll use is
¢r ~ Beta(y,1,Vk,2)
we ~ Normal(vy,,T)
Y ~ Wishart(a,B)
z; ~ Discrete(vy,)
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The lower bound There are two changes in the lower-bound: for 3 and for X.

The bound for X
Bl log2 + 3, log T(24=4)
—%ng + ¢log|B| + Zdlogf(‘”é*d)
+052 (g ¥ (*574) + Dlog2 +log |B|)
+1atr[B —1I]
The bound for X
E llog P(X;)] = > .V ( — Dlog2m + 1 (3, ¥ (¢E=2) + Dlog2 + log |B|)

—%((Xi — v, )aB(X; —vy,,) + atr(B)) — log 27re)

The updates As in the last setting, what changes are the trivial update for z, the update for  and the update for a
and B.

The update for 1

-1
Vpp = (I +aB Z yzi7k> (aB Z VZz‘JcXi>

The update for ¢ and B

As this distribution is far too complicated I’m not even going to try going at it the gradient way.
1 1 1 1
logQ(X) = —1—5 log |2| — §tr[2] + Z Z Vi (+2 log |X| — 5((XZ — v ) TS(XG = v) + tr[Z]))
ik

which non-trivially (seeing that the quadratic form with ¥ in the middle can be expressed as the trace of something)
reduces to

108 Q() = +5 108 5] = ytr(] + 3 3w, (43 108121 = G0N = 2,)(Xs = )]+ (7))
g k

hence this (with a bit of squinting) looks like a wishart with parameters
a=2+D+T

and

—1
B = <I + Z Z Vaik (Xl - V#k)(Xi - Vﬂk)T>
7 k

The full model

The model then is

¢r ~ Beta(l,aq)
pr  ~ Normal(0,1)
Yk ~ Wishart(D,I)
X ~ Normal(u,,, Z;i)
The variational distribution we’ll use is
¢r ~ Beta(vi1,Vk,2)
we ~ Normal(vy,,T)
Yk ~ Wishart(ag, Bx)
z; ~ Discrete(vy,)
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The lower bound All that changes in this lower bound in comparison to the previous one is that there are K priors
on different ¥ precision matrices and there are the correct indices on the bound for X.

The updates All that changes in the updates is that the update for mu uses only the proper sigma and the updates
for a and B don’t have a sum over K, so

-1
Vpy = <I+akBkZVzi_,k> (akBkZVzi,kXi>

ak:2+D+ZVZi,k

K3

and

5.2 Manifold learning

Look for the bare necessities

The simple bare necessities

Forget about your worries and your strife
I mean the bare necessities

Old Mother Nature’s recipes

That bring the bare necessities of life

— Baloo’s song [The Jungle Book]

Manifold Learning with 1000 points, 10 neighbors

LLE (0.067 sec) LTSA (0.18 sec) Hessian LLE (0.2 sec) Modified LLE (0.14 sec)

Isomap (0.45 sec) MDS (1.7 sec) Spectrall
8%

Manifold learning is an approach to non-linear dimensionality reduction. Algorithms for this task are based on the
idea that the dimensionality of many data sets is only artificially high.

5.2.1 Introduction

High-dimensional datasets can be very difficult to visualize. While data in two or three dimensions can be plotted to
show the inherent structure of the data, equivalent high-dimensional plots are much less intuitive. To aid visualization
of the structure of a dataset, the dimension must be reduced in some way.
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The simplest way to accomplish this dimensionality reduction is by taking a random projection of the data. Though
this allows some degree of visualization of the data structure, the randomness of the choice leaves much to be desired.
In a random projection, it is likely that the more interesting structure within the data will be lost.
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To address this concern, a number of supervised and unsupervised linear dimensionality reduction frameworks have
been designed, such as Principal Component Analysis (PCA), Independent Component Analysis, Linear Discriminant
Analysis, and others. These algorithms define specific rubrics to choose an “interesting” linear projection of the data.
These methods can be powerful, but often miss important non-linear structure in the data.

PrlnC|paI Components prcugct\on of the digits (time 0.02s)
L]

. !a*
sm ?3
ﬂz

B
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Linear Discriminant projection of th%digits (time 0.01s)

Manifold Learning can be thought of as an attempt to generalize linear frameworks like PCA to be sensitive to non-
linear structure in data. Though supervised variants exist, the typical manifold learning problem is unsupervised: it
learns the high-dimensional structure of the data from the data itself, without the use of predetermined classifications.

Examples:

» See Manifold learning on handwritten digits: Locally Linear Embedding, Isomap... for an example of
dimensionality reduction on handwritten digits.

» See Comparison of Manifold Learning methods for an example of dimensionality reduction on a toy “S-
curve” dataset.

The manifold learning implementations available in sklearn are summarized below

5.2.2 Isomap

One of the earliest approaches to manifold learning is the Isomap algorithm, short for Isometric Mapping. Isomap can
be viewed as an extension of Multi-dimensional Scaling (MDS) or Kernel PCA. Isomap seeks a lower-dimensional
embedding which maintains geodesic distances between all points. Isomap can be performed with the object I somap.

Isomap projectipn of the digits (time 1.09s)
2 I
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Complexity

The Isomap algorithm comprises three stages:

1. Nearest neighbor search. Isomap uses sklearn.neighbors.BallTree for efficient neighbor search.
The cost is approximately O[D log(k)N log(N)], for k nearest neighbors of N points in D dimensions.

2. Shortest-path graph search. The most efficient known algorithms for this are Dijkstra’s Algorithm, which is
approximately O[N?(k + log(N))], or the Floyd-Warshall algorithm, which is O[N3]. The algorithm can be
selected by the user with the path_method keyword of Isomap. If unspecified, the code attempts to choose
the best algorithm for the input data.

3. Partial eigenvalue decomposition. The embedding is encoded in the eigenvectors corresponding to the d
largest eigenvalues of the N x N isomap kernel. For a dense solver, the cost is approximately O[dN?]. This
cost can often be improved using the ARPACK solver. The eigensolver can be specified by the user with the
path_method keyword of Isomap. If unspecified, the code attempts to choose the best algorithm for the
input data.

The overall complexity of Isomap is O[D log(k)N log(N)] + O[N?(k + log(N))] + O[dN?].
e N : number of training data points
e D : input dimension
* k : number of nearest neighbors

* d : output dimension

References:

* “A global geometric framework for nonlinear dimensionality reduction” Tenenbaum, J.B.; De Silva, V.; &
Langford, J.C. Science 290 (5500)

5.2.3 Locally Linear Embedding

Locally linear embedding (LLE) seeks a lower-dimensional projection of the data which preserves distances within
local neighborhoods. It can be thought of as a series of local Principal Component Analyses which are globally
compared to find the best non-linear embedding.

Locally linear embedding can be performed with function locally_linear_embedding or its object-oriented
counterpart LocallyLinearEmbedding.

Locally Linear Embedding of the digits (time 0.35s)
|l
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Complexity

The standard LLE algorithm comprises three stages:
1. Nearest Neighbors Search. See discussion under Isomap above.

2. Weight Matrix Construction. O D Nk?]. The construction of the LLE weight matrix involves the solution of
a k x k linear equation for each of the NV local neighborhoods

3. Partial Eigenvalue Decomposition. See discussion under Isomap above.
The overall complexity of standard LLE is O[D log(k)N log(N)] + O[DNk3] + O[dN?].
e N : number of training data points
* D : input dimension
 k : number of nearest neighbors

* d : output dimension

References:

* “Nonlinear dimensionality reduction by locally linear embedding” Roweis, S. & Saul, L. Science
290:2323 (2000)

5.2.4 Modified Locally Linear Embedding

One well-known issue with LLE is the regularization problem. When the number of neighbors is greater than the
number of input dimensions, the matrix defining each local neighborhood is rank-deficient. To address this, standard
LLE applies an arbitrary regularization parameter r, which is chosen relative to the trace of the local weight matrix.
Though it can be shown formally that as » — 0, the solution converges to the desired embedding, there is no guarantee
that the optimal solution will be found for » > 0. This problem manifests itself in embeddings which distort the
underlying geometry of the manifold.

One method to address the regularization problem is to use multiple weight vectors in each neighborhood.
This is the essence of modified locally linear embedding (MLLE). MLLE can be performed with function
locally_linear_embedding or its object-oriented counterpart Local lyLinearEmbedding, with the key-
word method = ’"modified’. Itrequires n_neighbors > n_components.

Modified Locally Linear Embedding of the digits (time 0.6
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Complexity

The MLLE algorithm comprises three stages:
1. Nearest Neighbors Search. Same as standard LLE

2. Weight Matrix Construction. Approximately O[DNk?3|+O[N (k— D)k?]. The first term is exactly equivalent
to that of standard LLE. The second term has to do with constructing the weight matrix from multiple weights.
In practice, the added cost of constructing the MLLE weight matrix is relatively small compared to the cost of
steps 1 and 3.

3. Partial Eigenvalue Decomposition. Same as standard LLE
The overall complexity of MLLE is O[D log(k)N log(N)] + O[DNk?] + O[N(k — D)k?] + O[dN?].
* N : number of training data points
e D : input dimension
* k : number of nearest neighbors

* d : output dimension

References:

e “MLLE: Modified Locally Linear Embedding Using Multiple Weights”” Zhang, Z. & Wang, J.

5.2.5 Hessian Eigenmapping

Hessian Eigenmapping (also known as Hessian-based LLE: HLLE) is another method of solving the regularization
problem of LLE. It revolves around a hessian-based quadratic form at each neighborhood which is used to recover
the locally linear structure. Though other implementations note its poor scaling with data size, sklearn imple-
ments some algorithmic improvements which make its cost comparable to that of other LLE variants for small output
dimension. HLLE can be performed with function 1locally_linear_embedding or its object-oriented counter-
part LocallyLinearEmbedding, with the keyword method = ’hessian’. It requires n_neighbors >
n_components * (n_components + 3) / 2.

,Hessian Locally Linear Embedding of the digits (time 0.74s)
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Complexity

The HLLE algorithm comprises three stages:
1. Nearest Neighbors Search. Same as standard LLE

2. Weight Matrix Construction. Approximately O[DNE?] + O[Nd®]. The first term reflects a similar cost to
that of standard LLE. The second term comes from a QR decomposition of the local hessian estimator.

3. Partial Eigenvalue Decomposition. Same as standard LLE
The overall complexity of standard HLLE is O[D log(k)N log(N)] + O[DNk?] + O[Nd®] + O[dN?).
e N : number of training data points
* D : input dimension
 k : number of nearest neighbors

* d : output dimension

References:

* “Hessian Eigenmaps: Locally linear embedding techniques for high-dimensional data” Donoho, D. &
Grimes, C. Proc Natl Acad Sci USA. 100:5591 (2003)

5.2.6 Spectral Embedding

Spectral Embedding (also known as Laplacian Eigenmaps) is one method to calculate non-linear embedding. It finds
a low dimensional representation of the data using a spectral decomposition of the graph Laplacian. The graph gen-
erated can be considered as a discrete approximation of the low dimensional manifold in the high dimensional space.
Minimization of a cost function based on the graph ensures that points close to each other on the manifold are mapped
close to each other in the low dimensional space, preserving local distances. Spectral embedding can be performed
with the function spectral_embedding or its object-oriented counterpart SpectralEmbedding.

Complexity

The Spectral Embedding algorithm comprises three stages:

1. Weighted Graph Construction. Transform the raw input data into graph representation using affinity (adja-
cency) matrix representation.

2. Graph Laplacian Construction. unnormalized Graph Laplacian is constructed as L = D — A for and normal-
izedoneas L =D~ 2(D — A)D"z.

3. Partial Eigenvalue Decomposition. Eigenvalue decomposition is done on graph Laplacian
The overall complexity of spectral embedding is O[D log(k)N log(N)] + O[DNk?] + O[dN?].
e N : number of training data points
e D : input dimension
* k : number of nearest neighbors

* d : output dimension
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References:

» “Laplacian Eigenmaps for Dimensionality Reduction and Data Representation” M. Belkin, P. Niyogi,
Neural Computation, June 2003; 15 (6):1373-1396

5.2.7 Local Tangent Space Alighment

Though not technically a variant of LLE, Local tangent space alignment (LTSA) is algorithmically similar enough
to LLE that it can be put in this category. Rather than focusing on preserving neighborhood distances as in LLE,
LTSA seeks to characterize the local geometry at each neighborhood via its tangent space, and performs a global
optimization to align these local tangent spaces to learn the embedding. LTSA can be performed with function
locally_linear_embedding or its object-oriented counterpart LocallyLinearEmbedding, with the key-
word method = ’1ltsa’.

Local Tangent Space Alignment of the digits (time 0.63s)
B33

Complexity

The LTSA algorithm comprises three stages:
1. Nearest Neighbors Search. Same as standard LLE

2. Weight Matrix Construction. Approximately O[DNk?] + O[k?d]. The first term reflects a similar cost to that
of standard LLE.

3. Partial Eigenvalue Decomposition. Same as standard LLE
The overall complexity of standard LTSA is O[D log(k) N log(N)] + O[DNK3] + O[k*d] + O[dN?].
e N : number of training data points
* D : input dimension
* k : number of nearest neighbors

* d : output dimension
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References:

* “Principal manifolds and nonlinear dimensionality reduction via tangent space alignment” Zhang, Z. &
Zha, H. Journal of Shanghai Univ. 8:406 (2004)

5.2.8 Multi-dimensional Scaling (MDS)

Multidimensional scaling (MDS) seeks a low-dimensional representation of the data in which the distances respect well
the distances in the original high-dimensional space.

In general, is a technique used for analyzing similarity or dissimilarity data. MDS attempts to model similarity or
dissimilarity data as distances in a geometric spaces. The data can be ratings of similarity between objects, interaction
frequencies of molecules, or trade indices between countries.

There exists two types of MDS algorithm: metric and non metric. In the scikit-learn, the class MDS implements
both. In Metric MDS, the input similarity matrix arises from a metric (and thus respects the triangular inequality), the
distances between output two points are then set to be as close as possible to the similarity or dissimilarity data. In
the non-metric version, the algorithms will try to preserve the order of the distances, and hence seek for a monotonic
relationship between the distances in the embedded space and the similarities/dissimilarities.

MDS embeddlng of ghe digits (time 2.94s)

Let S be the similarity matrix, and X the coordinates of the n input points. Disparities d; ; are transformation of the
similarities chosen in some optimal ways. The objective, called the stress, is then defined by sum;«;d;;(X) —d;;(X)

Metric MDS

The simplest metric MDS model, called absolute MDS, disparities are defined by czl j = Sij. With absolute MDS, the
value S;; should then correspond exactly to the distance between point ¢ and j in the embedding point.

Most commonly, disparities are set to d;; = bS;;.
Nonmetric MDS
Non metric MDS focuses on the ordination of the data. If S;; < Sy, then the embedding should enforce d;; < dy.

A simple algorithm to enforce that is to use a monotonic regression of d;; on .5;;, yielding disparities d;; in the same
order as S;;.
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A trivial solution to this problem is to set all the points on the origin. In order to avoid that, the disparities a?z-j are
normalized.

T
ee®g True position
e®e MDS
e®e NMDS

-
o
| |
o« |
% )
N \V
\ ‘ 3
\ /
~ /
G
-
‘\u

References:

* “Modern Multidimensional Scaling - Theory and Applications” Borg, I.; Groenen P. Springer Series in
Statistics (1997)

* “Nonmetric multidimensional scaling: a numerical method”” Kruskal, J. Psychometrika, 29 (1964)

* “Multidimensional scaling by optimizing goodness of fit to a nonmetric hypothesis™ Kruskal, J. Psychome-
trika, 29, (1964)

5.2.9 t-distributed Stochastic Neighbor Embedding (t-SNE)

t-SNE (TSNE) converts affinities of data points to probabilities. The affinities in the original space are represented
by Gaussian joint probabilities and the affinities in the embedded space are represented by Student’s t-distributions.
The Kullback-Leibler (KL) divergence of the joint probabilities in the original space and the embedded space will
be minimized by gradient descent. Note that the KL divergence is not convex, i.e. multiple restarts with different
initializations will end up in local minima of the KL divergence. Hence, it is sometimes useful to try different seeds
and select the embedding with the lowest KL divergence.

The main purpose of t-SNE is visualization of high-dimensional data. Hence, it works best when the data will be
embedded on two or three dimensions.

Optimizing the KL divergence can be a little bit tricky sometimes. There are three parameters that control the opti-
mization of t-SNE:

* early exaggeration factor
* learning rate
¢ maximum number of iterations

The maximum number of iterations is usually high enough and does not need any tuning. The optimization consists of
two phases: the early exaggeration phase and the final optimization. During early exaggeration the joint probabilities
in the original space will be artificially increased by multiplication with a given factor. Larger factors result in larger
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t-SNE embedding of the digits (time 10.68s)
1

G2
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gaps between natural clusters in the data. If the factor is too high, the KL divergence could increase during this phase.
Usually it does not have to be tuned. A critical parameter is the learning rate. If it is too low gradient descent will get
stuck in a bad local minimum. If it is too high the KL divergence will increase during optimization. More tips can be
found in Laurens van der Maaten’s FAQ (see references).

Standard t-SNE that has been implemented here is usually much slower than other manifold learning algorithms. The
optimization is quite difficult and the computation of the gradient is on O[dN?], where d is the number of output
dimensions and N is the number of samples.

While Isomap, LLE and variants are best suited to unfold a single continuous low dimensional manifold, t-SNE will
focus on the local structure of the data and will tend to extract clustered local groups of samples as highlighted on the
S-curve example. This ability to group samples based on the local structure might be beneficial to visually disentangle
a dataset that comprises several manifolds at once as is the case in the digits dataset.

Also note that the digits labels roughly match the natural grouping found by t-SNE while the linear 2D projection of
the PCA model yields a representation where label regions largely overlap. This is a strong clue that this data can be
well separated by non linear methods that focus on the local structure (e.g. an SVM with a Gaussian RBF kernel).
However, failing to visualize well separated homogeneously labeled groups with t-SNE in 2D does not necessarily
implie that the data cannot be correctly classified by a supervised model. It might be the case that 2 dimensions are
not enough low to accurately represents the internal structure of the data.

References:

* “Visualizing High-Dimensional Data Using t-SNE” van der Maaten, L.J.P.; Hinton, G. Journal of Machine
Learning Research (2008)
» “t-Distributed Stochastic Neighbor Embedding” van der Maaten, L.J.P.

5.2.10 Tips on practical use

* Make sure the same scale is used over all features. Because manifold learning methods are based on a nearest-
neighbor search, the algorithm may perform poorly otherwise. See StandardScaler for convenient ways of
scaling heterogeneous data.

* The reconstruction error computed by each routine can be used to choose the optimal output dimension. For a
d-dimensional manifold embedded in a D-dimensional parameter space, the reconstruction error will decrease
as n_components is increased until n_components ==

» Note that noisy data can “short-circuit” the manifold, in essence acting as a bridge between parts of the manifold
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that would otherwise be well-separated. Manifold learning on noisy and/or incomplete data is an active area of
research.

* Certain input configurations can lead to singular weight matrices, for example when more than two points in the
dataset are identical, or when the data is split into disjointed groups. In this case, solver='"arpack’ will
fail to find the null space. The easiest way to address this is to use solver='dense’ which will work on a
singular matrix, though it may be very slow depending on the number of input points. Alternatively, one can
attempt to understand the source of the singularity: if it is due to disjoint sets, increasing n_neighbors may
help. If it is due to identical points in the dataset, removing these points may help.

See also:

Totally Random Trees Embedding can also be useful to derive non-linear representations of feature space, also it does
not perform dimensionality reduction.

5.3 Clustering

Clustering of unlabeled data can be performed with the module sklearn.cluster.

Each clustering algorithm comes in two variants: a class, that implements the £it method to learn the clusters on train
data, and a function, that, given train data, returns an array of integer labels corresponding to the different clusters. For
the class, the labels over the training data can be found in the 1abels__ attribute.

Input data

One important thing to note is that the algorithms implemented in this module take different kinds of ma-
trix as input. On one hand, MeanShift and KMeans take data matrices of shape [n_samples, n_features].
These can be obtained from the classes in the sklearn.feature extraction module. On the